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SUMMARY
We develop a structure theory for nilpotent symplectic alternating algebras.
We then give a classification of all nilpotent symplectic alternating algebras of
dimension up to 10 over any field F.
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In this thesis we study certain algebraic structures called symplectic alternat-
ing algebras. Symplectic alternating algebras originate in a study of powerful
2-Engel groups [[13],[19]] although here we will study them purely as structures
that are interesting in their own right with many beautiful properties. This thesis
continues the development of the theory of symplectic alternating algebras that
was started in [17]. Some general theory was also developed in [16]. The aim
is to explore these algebraic structures and in particular to develop a theory for
nilpotent symplectic alternating algebras.
Let F be a field. A Symplectic Alternating Algebra over F is a triple pL, p , q, ¨ q
where L is a symplectic vector space over F with respect to a non-degenerate
alternating form p , q and ¨ is a bilinear and alternating binary operation on L
such that pu ¨ v, wq “ pv ¨ w, uq for all u, v, w P L. We often denote Symplectic
Alternating Algebra more shortly by SAA.
1.1 Connection with Engel groups and the Burn-
side Problem
As we said above SAA’s originate in some work on powerful 2-Engel groups. We
will not be exploring this connection in this thesis but will be primarily looking
at SAA’s as structures interesting in their own right. In this section we however
briefly describe the origin as a background to our work. As a starting point we
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first mention the famous Burnside problems from which Engel groups originate.
These were posed in 1902 by William Burnside [4].
The General Burnside Problem Is a finitely generated periodic group neces-
sarily finite?
The Burnside Problem If Bpr, nq is the largest r-generator group of expo-
nent n. For what values of r and n is Bpr, nq finite?
The Restricted Burnside Problem For what values of r and n is there an
upper bound on the orders of finite r-generator groups of exponent n?
In 1964 Golod [6] answered the general Burnside problem by constructing a
counter example that is a finitely generated infinite p-group. For the restricted
Burnside problem the answer turns out to be that such an upper bound exists for
all r and n. P. Hall and Higman [7] reduced this problem to the case when n is a
prime power exponent. The solution was then completed in 1989 by Zel’manov
[[21],[20]] .
We next turn to the Burnside problem, For n “ 2, 3, 4, 6 it is known that Bpr, nq
is finite. In general the answer is however negative and Bpr, nq is known to be
infinite when r ě 2 and n is large enough [[2], [9], [11]]. Surprisingly until now it
is unknown whether Bp2, 5q or Bp2, 8q is finite or not.
The Burnside problems lead naturally to the Engel-identities. Engel groups
have their origin in William Burnside’s paper [4]. Recall that the commuta-
tor of two elements x and y in a group is defined as rx, ys “ x´1y´1xy. We
adopt the left normed convention for commutators of more than two elements.
Thus rx1, x2, . . . , xns “ r. . . rrx1, x2s, . . .s, xns. We also define ry,n xs recursively
by ry,0 xs “ y and ry,n`1 xs “ rry,n xs, xs .
Definition 1.1. Let G be a group. G is said to be an Engel group if for each
pair px, yq P GˆG there exists an integer m “ mpx, yq such that
ry,m xs “ 1.
A group is said to be an n-Engel group if mpx, yq ď n for all x, y P G.
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Remark 1.2. Obviously G is an 0-Engel group if and only if G “ teu and 1-Engel
groups are the abelian groups.
It is well know that groups of exponent 2 are abelian that implies that any r-
generator group of exponent 2 is of order at most 2r. Burnside showed in [4] that
it is also true that groups of exponent 3 are locally finite. It was Burnside who
observed that in groups of exponent 3, any two conjugates a, ab commute but
this property is equivalent to the 2-Engel identity rrb, as, as “ 1 and thus these
groups are 2-Engel groups. It has been shown later in [5] by Burnside that the
2-Engel groups also satisfy the laws
rx, y, zs “ ry, z, xs
rx, y, zs3 “ 1
and thus any 2-Engel group where there is no element of order 3 would be nilpo-
tent of class at most 2. One can see furthermore that the following identity
holds
rx, y, z, ts “ 1
which apparently was noticed first by Hopkins [8]. The fact that these laws
characterize 2-Engel groups is however usually attributed to Levi [10]. The last
identity shows that 2-Engel groups are nilpotent of class at most 3. Further de-
tails can be found in [18]. That we have a complete understanding of 2-Engel
groups is however no more true then saying that the law xy “ yx tells us all
about abelian groups. There are still a number of open question regarding 2-
Engel groups. For example, the following well known problems were raised by
Caranti [12].
Problem 1. (a) Let G be a group of which every element commutes with all its
endomorphic images. Is G nilpotent of class at most 2?
(b) Does there exist a finite 2-Engel 3-group of class three such that Aut G “
AutcG ¨ Inn G where AutcG is the group of central automorphisms of G?
We have a positive answer for question (b). In 2010 Abdollahi, A., et al con-
structed such an automorphism group [1] using GAP and Magma computations.
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As we mentioned before SAA’s originate from a study of powerful 2-Engel groups.
Definition 1.3. A finite p-group, p odd, is said to be powerful if rG,Gs ď Gp.
Or equivalently if G{Gp is abelian. If p “ 2 then G is powerful if rG,Gs ď G4.
Questions about p-groups can often be reduced to powerful p-groups. In 2008
some work was done by Moravec and Traustason in [13] on powerful 2-Engel
groups. Now any powerful 3-group of exponent 3 is abelian and one might there-
fore expect that the class of powerful 2-Engel 3-groups would be smaller than 3.
In fact Moravec and Traustason showed that this is the case for 3-generator
groups.
Proposition 1.4 ([13]). Every 3-generator powerful 2-Engel group is nilpotent
of class at most 2.
We know that the class of 2-Engel groups is at most 3. Notice that as the class of
powerful 2-Engel groups is not closed under taking subgroups, it does not follows
from the last proposition that when the class of 2-Engel groups is furthermore
powerful then the class will be reduced to 2.
In fact it turns out that there is a rich family of powerful 2-Engel groups of
class 3.
Definition 1.5. A powerful 2-Engel 3-group of class 3 is minimal if all the proper
powerful sections have class at most 2.
Moravec and Traustason classified powerful 2-Engel groups of class three that
are minimal. The study reveals that there are infinitely many minimal groups of
rank 5 and also of any even rank ě 4.
Symplectic vector spaces play a role in the classification. One of the families
considered has a richer structure which lead to related algebraic structures that
we call ”symplectic alternating algebras”.
In fact the study in [19] reveals there is a one-to-one correspondence between
symplectic alternating algebras over the field GFp3q and a certain class of pow-
erful 2-Engel 3-group of exponent 27. The groups form a class C that consist of
10
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powerful 2-Engel 3-groups G with the following extra properties :
(a) G “ xx,Hy where H “ tg P G : g9 “ 1u and ZpGq “ xxy with Opxq “ 27.
(b) G is of rank 2r ` 1 and has order 33`4r.
The associated symplectic alternating algebra LpGq is constructed as follows.
First we consider LpGq “ H{G3 as a vector space over GFp3q. To this we as-
sociate a bilinear alternating form (,) and a alternating binary multiplication as
follows
ra, bs3 “ x9pa¯,b¯q
a¯ ¨ b¯ “ c¯ where ra, bsZpGq “ c3ZpGq and y¯ “ yG3.
One can show that these are well defined and turn LpGq into a SAA. Suppose
that a¯ ¨ b¯ “ d¯ and b¯ ¨ c¯ “ e¯. Then
x9pa¯¨b¯,c¯q “ x9pd¯,c¯q “ rd, cs3 “ rd3, cs “ ra, b, cs “ rb, c, as “ re3, as “ re, as3 “ x9pe¯,a¯q
“ x9pb¯¨c¯,a¯q.
Notice that LpGq is abelian if and only if G is nilpotent of class at most 2. Traus-
tason showed that LpGq – LpKq if and only if G – K.
Suppose G “ xx, h1, . . . , h2ry and that LpGq “ xu1, . . . , u2ry is the corresponding
SAA where ui “ hiG3. Form the structure coefficients for LpGq
ui ¨ uj “ αijp1qu1 ` ¨ ¨ ¨ ` αijp2rqu2r
pui, ujq “ βij
where 1 ď i ă j ď 2r. We get the following powerful commutator relations for G
rhi, hjs “ h3αijp1q1 ¨ ¨ ¨h3αijp2rq2r x3βij .
Remark 1.6. Recall that a subgroup K of a 3-group G is said to be powerfully
embedded if rK,Gs ď K3. We then notice that powerful subgroups of G correspond
to subalgebras and powerful embedded subgroups correspond to ideals.
Example. Consider the symplectic alternating algebra L “ Fx1`Fy1`Fx2`Fy2
of dimension 4, over F “ GFp3q where px1, y1q “ px2, y2q “ 1 and pxi, xjq “
11
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The corresponding group is GpLq “ xx1, y1, x2, y2, xy with the relations
rx1, x2s “ 1
ry1, y2s “ y´31
rx1, y1s “ x32x3
rx1, y2s “ x´31
rx2, y1s “ 1
rx2, y2s “ x3
1.2 An overview of this thesis
We now give a detailed summary of the thesis. The thesis is divided into two
parts. In the first part we develop a structure theory for nilpotent symplectic al-
ternating algebras. We will first discuss some background material in Chapter 2,
which we will need throughout the thesis. We then begin Chapter 3 by describing
some results that in particular lead to specific type of presentations that we call
nilpotent presentations. All algebras with a nilpotent presentation are nilpotent
and conversely any nilpotent algebra will have a nilpotent presentation. In par-
ticular we will focus on the algebras that are of maximal class and we will see
that their structure is very rigid. In Chapter 4 we also illustrate the theory by
classifying all nilpotent SAA’s of dimension up to 8 over an arbitrary field F. The
classification of the nilpotent symplectic alternating algebras of dimension up to
8 is implicit in [13] although this is not done explicitly and the context there
is a more general setting. There are three algebras and one family of nilpotent
Symplectic alternating algebras of dimension 8 over any field.
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The second part of the thesis is to deal with the challenging classification of
nilpotent symplectic alternating algebras of dimension 10 over any field. It turns
out that the classification of algebras with a center that is not isotropic can be
easily reduced to the classification of algebras of dimension 8. The main bulk of
work is thus about algebras with isotropic center. The dimension of the center
lies between 2 and 5 and we deal with these cases in turn. At some points there
are interesting geometrical situations that arise, like when dealing with algebras
that have an isotropic center of dimension 4. There are 22 such algebras when
the field is algebraically closed. Over the field GF p3q, where there is a 1-1 cor-
respondence with a class of powerful 2-Engel 3-groups, there are 25 algebras. In
general the classifications depends strongly on the field.
1.3 Publication details
Part I of this thesis is joint work with Gunnar Traustason. This has been pub-
lished in the Journal of Algebra, and forms reference [15].
Part II is is also joint work with Gunnar Traustason and the majority of this







2.1 Symplectic Alternating Algebras
Definition 2.1. Let F be a field. A Symplectic Alternating Algebra over F is a
triple pL, p , q, ¨ q where L is a symplectic vector space over F with respect to a
non-degenerate alternating form p , q and ¨ is a bilinear and alternating binary
operation on L such that
pu ¨ v, wq “ pv ¨ w, uq
for all u, v, w P L.
Notice that pu ¨ x, vq “ px ¨ v, uq “ ´pv ¨ x, uq “ pu, v ¨ xq and thus the multi-
plication from the right by x is self-adjoint with respect to the alternating form.
As the alternating form is non-degenerate, L is of even dimension and we can
pick a basis x1, y1, . . . , xn, yn with the property that pxi, xjq “ pyi, yjq “ 0 and
pxi, yjq “ δij for 1 ď i ď j ď n. We refer to a basis of this type as a standard basis.
Suppose we have any basis u1, . . . , u2n for L. The structure of L is then de-
termined from
puiuj, ukq “ γijk, 1 ď i ă j ă k ď 2n.
We refer to such data as a presentation for L. The convention is to only list those
triple values that are non-zero. Alternatively we can describe L as follows, if we
take the two isotropic subspaces Fx1`¨ ¨ ¨`Fxn and Fy1`¨ ¨ ¨`Fyn with respect
to a given standard basis, then it is suffices to write down only the products
xixj, yiyj, 1 ď i ă j ď n. The reason for this is that having determined these
15
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products we have determined all the triples puiuj, ukq where 1 ď i ă j ă k ď 2n,
since two of those are either some xi, xj or some yi, yj in which case the triple
is determined from xixj or yiyj. Since pxixj, xkq “ pxjxk, xiq “ pxkxi, xjq and
pyiyj, ykq “ pyjyk, yiq “ pykyi, yjq, this put some more conditions on the products
xixj and yiyj.
We adopt the left-normed convention for multiple products. Thus x1x2 ¨ ¨ ¨ xn
= p¨ ¨ ¨ px1 x2q ¨ ¨ ¨ qxn. Many of the terms that will be used are analogous to the
corresponding terms for related structures. Thus a subspace I of a SAA L is an
ideal if IL ď I. Also U ď V stands for ‘U is a subspace of V ’.
Now let L be a SAA of dimension 2n. We next look at some general proper-
ties that hold for L.
Lemma 2.2 ([17]). If I is an ideal of L then IK is also an ideal. Furthermore
any isotropic ideal I of a SAA L is abelian.
Proof. As pIK ¨L, Iq “ ´pI ¨L, IKq “ 0, IK is an ideal in L. For the latter suppose
that I is an isotropic ideal of L. Thus I ď IK and so pI ¨ I, Lq “ pI ¨ L, Iq “ 0
implies that I is abelian as required.
We define the lower central series in an analogous way to related structures like
associative algebras and Lie algebras. Thus we define the lower central series
recursively by
L1 “ L and Ln`1 “ LnL,
and the upper central series by
Z0pLq “ t0u and Zn`1pLq “ tx P L : xL P ZnpLqu.
It is readily seen that the terms of the lower and the upper central series are all
ideals of L. The following beautiful property that shows relation between the
upper and the lower central series will be used frequently.
Lemma 2.3 ([17]). ZnpLq “ pLn`1qK.
Proof. We have a P ZnpLq ô aL ¨ ¨ ¨Lloomoon
n
“ 0 ô 0 “ paL ¨ ¨ ¨Lloomoon
n
, Lq “ pa, Ln`1q ô
a P pLn`1qK.
Notice also that dimZnpLq ` dimLn`1 “ dimL.
16
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Lemma 2.4 ([17]). Any one-dimensional ideal of L is contained in ZpLq and any
two-dimensional ideal is abelian and contains a non-trivial element from ZpLq.
Proof. Let I be an ideal of dimension one. Then L{IK is an alternating alge-
bra of dimension one and hence abelian. It follows that L2 ď IK and hence
I ď pL2qK “ ZpLq.
Now let I be an ideal of dimension two. Then L{IK is an alternating alge-
bra of dimension two. Thus dim pL{IKq2 ď 1 and so pL{IKq2 ă L{IK, that is
L ą L2 ` IK “ ppL2qK X IqK “ pZpLq X IqK. Hence ZpLq X I ą t0u.
We define simplicity for SAA in the natural way. L ‰ t0u is simple if it has no
proper nontrivial ideals.
Definition 2.5. Suppose that L is a SAA with ideals I1, . . . , In which all are
SAA’s and where
L “ I1 k I2 k ¨ ¨ ¨ k In.
We then say that L is the direct sum of the SAA’s I1, . . . , In.
Remark 2.6. It follows that IiIj ď Ii X Ij “ t0u when i ‰ j.
Definition 2.7. We say that a SAA is semi-simple if it is a direct sum of simple
SAA’s.
As we said before, some general theory was developed in [17] and [16]. In par-
ticular a well-known dichotomy property for Lie algebras also holds for SAA’s.
Thus a SAA is either semi-simple or has a non-trivial abelian ideal.
Theorem 2.8 ([17]). Either L has a non-trivial abelian ideal or L is semi-simple.
In the latter case the direct summands are uniquely determined as the minimal
ideals of L .
It is however still unknown whether there exist a non-trivial SAA L where
AutL “ tid u. We are interested in the classification of SAA. Suppose that
V is a symplectic vector space with a non-degenerate alternating form p, q. Let
x1, . . . , x2n be a standard basis of V . Thus px2i, x2i´1q “ 1 but pxj, xiq “ 0 other-
wise for any 1 ď i ă j ď 2n. The next proposition show that in fact we can turn
this into a SAA.
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Proposition 2.9 ([17]). Let n ě 2 and for each pi, j, kq, 1 ď i ă j ă k ď 2n,
choose a number αpi, j, kq in the field F. There is a unique SAA of dimension 2n
over F satisfying
pxixj, xkq “ αpi, j, kq
for 1 ď i ă j ă k ď 2n.
Proof. We only need to define a bilinear alternating product on V that interacts
with the alternating form in such a way that puv, wq “ pvw, uq for all u, v, w P V .
As the product and the alternating form are both bilinear, everything reduces
to working with the basis vectors. Now extend the function α to all triples of
pairwise disjoint numbers 1 ď i, j, k ď 2n such that αpi, j, kq “ αpj, k, iq “
αpk, i, jq, αpj, i, kq “ αpk, j, iq “ αpi, k, jq “ ´αpi, j, kq and we let every product
pxixj, xkq “ 0 if there is a repeated occurrence of a basis vector. A bilinear
alternating product is determined completely from xjxi, i ă j. Now let
xjxi “ ´αpj, i, 2qx1 ` αpj, i, 1qx2 ´ ¨ ¨ ¨ ´ αpj, i, 2nqx2n´1 ` αpj, i, 2n´ 1qx2n
where i ă j. We thus have that V is the unique SAA satisfying the stated
conditions.
We next get from this some information about the growth of SAA’s. The map
L3 Ñ F, pu, v, wq ÞÑ pu ¨ v, wq is an alternating ternary form and each alternating
ternary form on a given symplectic vector space, with a non-degenerate alternat-
ing form, defines a unique SAA. Classifying SAA’s of dimension 2n over a field F
is then equivalent to finding all the SppV q-orbits of p^3V q˚ under the natural ac-
tion, where V is a symplectic vector space of dimension 2n with a non-degenerate
alternating form. Suppose that F is a finite field and suppose that the disjoint
SppV q-orbits of p^3V q˚ are uSppV q1 , . . . , uSppV qm . Then
m ď |F|p2n3 q “ |p^3V q˚| ď m|SppV q| ď m|F|p2n`12 q.
It follows that m “ |F| 4n33 `Opn2q. Because of the sheer growth, a general classifi-
cation of SAA’s seems impossible.
We end this section by looking at all the SAA’s of dimension up to 4. It is
clear that the only SAA of dimension 2 is the abelian one. Furthermore, it is
easily seen that apart from the abelian one there is only one SAA of dimension
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4 that can be described by the following multiplication table. (see [17]).
x1x2 “ 0
y1y2 “ ´y1




The presentation is thus px1y1, y2q “ 1. As we said before there is a close connec-
tion between SAA’s over the field GFp3q of three elements and a certain class of
2-Engel groups, and in [17] the SAA’s over GFp3q of dimension 6 were classified.
There are 31 such algebras of dimension 6 of which 15 are simple. None of the 31
has a trivial automorphism group. We would like to mention here also the work
of Atkinson [3] who in his thesis looked at alternating ternary forms over GFp3q
in order to study a certain class of groups of exponent 3.
2.2 Nilpotent Symplectic Alternating Algebras
Definition 2.10. A symplectic alternating algebra L is nilpotent if there exists
an ascending chain of ideals I0, . . . , In such that
t0u “ I0 ď I1 ď ¨ ¨ ¨ ď In “ L
and IsL ď Is´1 for s “ 1, . . . , n. The smallest possible n is then called the
nilpotence class of L.
Definition 2.11. More generally, if I0 ď I1 ď ¨ ¨ ¨ ď In is any chain of ideals of
L then we say that this chain is central in L if IsL ď Is´1 for s “ 1, . . . , n.
Remark 2.12. Equivalently we have that L is nilpotent of class n ě 0 if n is the
smallest non-negative integer such that Ln`1 “ t0u or equivalently ZnpLq “ L.
Another interesting property is that any SAA that is abelian-by-nilpotent must
be nilpotent.
Proposition 2.13 ([16]). Let L be a SAA. If L is abelian-by-(nilpotent of class
ď n) then it is nilpotent of class at most 2n` 1.
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Proof. Let I be an abelian ideal of L such that L{I is nilpotent of class at most
n. Then Ln`1 ď I. But this is equivalent to saying that 0 “ pLn`1 ¨ Ln`1, Lq “
pLn`1, L ¨ L ¨ ¨ ¨Lloomoon
n`1
q “ pL,L2n`2q and L is nilpotent of class at most 2n` 1.
Notice that this result is however not true if we assume that our algebra is






the only nonabelian SAA of dimension 4 over a field F. Notice that
ZpLq “ Fx2, L2 “ ZpLqK “ Fx1 ` Fx2 ` Fy1.
Notice that pL2q3 “ t0u and thus L is nilpotent-by-abelian. However L is not
nilpotent as y1y
n





Here we develop a structure theory for nilpotent SAA’s. As we said before some
general theory was developed in [17] and [16]. We will describe some general
results that in particular lead to specific type of presentations that we call later
nilpotent presentations. All algebras with a nilpotent presentation are nilpotent
and conversely any nilpotent algebra will have a nilpotent presentation. We will
also focus on the algebras that are of maximal class and we will see that their
structure is very rigid.
The lack of the Jacobi identity means that many properties that hold for Lie
algebras do not hold for SAA’s. As the following example shows, it is not true in
general that the product of two ideals is an ideal. That example also shows that
the formula LiLj ď Li`j does not hold in general.
Example. Consider the 12-dimensional SAA which has a standard basis
x1, y1, x2, y2, x3, y3, x4, y4, x5, y5, x6, y6 where
px3y5, y6q “ px2y4, y6q “ px1y4, y5q “ py1y2, y3q “ 1
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and puv, wq “ 0 if u, v, w are basis elements where tu, v, wu R ttx3, y5, y6u,
tx2, y4, y6u, tx1, y4, y5u, ty1, y2, y3uu. Notice that this implies that
x3y5 “ x6, x1y4 “ x5, y2y3 “ x1,
x3y6 “ ´x5, x1y5 “ ´x4, y4y5 “ ´y1,
x2y4 “ x6, y1y2 “ x3, y4y6 “ ´y2,
x2y6 “ ´x4, y1y3 “ ´x2, y5y6 “ ´y3.
From this one sees that
L2 “ Fx6 ` Fx5 ` ¨ ¨ ¨ ` Fx1 ` Fy1 ` Fy2 ` Fy3,
L3 “ Fx6 ` Fx5 ` ¨ ¨ ¨ ` Fx1,
L4 “ Fx6 ` Fx5 ` Fx4,
L5 “ 0,
L2L2 “ Fx3 ` Fx2 ` Fx1.
In particular L is nilpotent of class 4, L2L2 is not an ideal and L2L2 ę L4.
This example indicates that SAA’s do differ from Lie algebras. We are going
to see in the following sections that there are some shared properties but the
next lemma underlines the difference by showing that the two classes of algebras
do not have many algebras in common when the characteristic is not 2. In fact
only the SAA’s that are obviously Lie algebras are there, namely those of class
at most 2.
Lemma 3.1. Let L be a SAA where charL ‰ 2 and L is either associative or a
Lie algebra. Then L3 “ t0u.
Proof. Let us first assume that L is associative. We then have
0 “ pxyz ´ xpyzq, tq “ px, tzy ´ tpyzqq “ px, tzy ´ tyzq
for all x, y, z, t P L. It follows that tzy “ tyz “ ´ytz for all t, z, y P L. Using this
last property repeatedly we get that
xyz “ ´zxy “ yzx “ ´xyz
and thus 2xyz “ 0 for all x, y, z P L. As char L ‰ 2, it follows that L3 “ 0.
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Now suppose L is a Lie algebra. We then have
0 “ pxyz ` yzx` zxy, tq “ px, tzy ´ tpyzq ´ tyzq “ 2px, tzy ´ tyzq.
As charL ‰ 2, it follows again that tzy “ tyz for all t, z, y P L and this implies
again that L3 “ t0u.
One handicap that the SAA’s have is that when I is an ideal then L{I is in general
only an alternating algebra as there is no natural way of inducing an alternating
form on this quotient. For example simply for the reason that the quotient can
have odd dimension. There is however a weaker form of a quotient structure that
we can associate to any ideal I of L that works. Thus for any ideal I we have
that pIK ` Iq{I is a well defined SAA with the natural induced multiplication
and where the induced alternating form is given by pu ` I, v ` Iq “ pu, vq for
u, v P IK. The reader can easily convince himself that this is well defined and
that ppIK ` Iq{IqK “ 0. This algebra is also isomorphic to IK{pI X IKq that has
a similar naturally induced structure as a SAA.
Remark 3.2. There are some familiar facts for Lie algebras that do not reply on
the Jacobi identity and remain true for SAA’s. Such properties are particularly
useful as we can use them when dealing with quotients L{I where we only know
that the resulting algebra is alternating. For example L2 has co-dimension at
least 2 in any nilpotent alternating algebra L of dimension greater than or equal
to 2. From this and the duality given in Lemma 2.3, it follows immediately that
the dimension of ZpLq is at least 2 for any non-trivial nilpotent SAA which is
something that we will also see later as a corollary of Lemma 3.13.
3.2 Symplectic Alternating Algebras
Remark 3.3. Let U, V be subspaces of L. Notice that
UV “ 0 ô pUV, Lq “ 0 ô pUL, V q “ 0 ô UL ď V K.
In other words we have that U annihilates V if and only if it annihilates L{V K.
This is useful property that we will be making use of later.
Lemma 3.4. Let I and J be ideals in a SAA L. We have that I ¨ L ď J if and
only if I ¨ JK “ t0u. In particular Lm ¨ ZmpLq “ t0u.
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Proof. From the property given in last remark, we know that I annihilates L{J
if and only if I annihilates JK. The second part follows this, the fact that Lm
annihilates L{Lm`1, and the fact that pLm`1qK “ ZmpLq.
Remark 3.5. It follows in particular that I ¨ IK “ t0u for any ideal I. In
particular any isotropic ideal is abelian. Notice also that the property LmZmpLq “
t0u is equivalent to the fact that ZmpLq annihilates L{Zm´1pLq.
Remark 3.6. We have seen in the introduction that it is not true in general that
LiLj ď Li`j. As pLmqK “ Zm´1pLq, we however have that
LiLj ď Li`j ô pLiLj, Zi`j´1pLqq “ 0 ô pLiZi`j´1pLq, Ljq “ 0
ô LiZi`j´1pLq ď Zj´1pLq.
The obvious fact that LmL ď Lm`1 thus gives us the interesting fact from last
lemma that LmZmpLq “ t0u.
Lemma 3.7. Let I be an ideal of L. Then IL ď IK if and only if I is abelian.
Proof. We have that I annihilates I if and only if I annihilates L{IK.
Remark 3.8. As I is an ideal we have in fact that IL ď IK if and only if
IL ď I X IK. Here I X IK is the ‘isotropic part’ of I.
Lemma 3.9. Let I, J be ideals of a SAA L and let x P L. We have Jx ď I if
and only if IKx ď JK.
Proof. We have that Jx ď I is equivalent to pux, vq “ 0 for all u P J and v P IK.
But this is equivalent to saying that pvx, uq “ 0 for all v P IK and u P J “ pJKqK
and this is the same as saying that IKx ď JK.
In particular we have that
t0u “ I0 ď I1 ď ¨ ¨ ¨ ď Im “ L
is an ascending central chain if and only if
L “ IK0 ě IK1 ě ¨ ¨ ¨ ě IKm “ t0u
is a descending central chain.
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Proposition 3.10. Let L be a SAA. No term of the upper central series has
co-dimension 1. Equivalently, no term of the lower central series has dimension
1.
Proof. The first fact is a well-known fact about alternating algebras and follows
from the fact that if A is an alternating algebra then A{ZpAq cannot be one-
dimensional. Now the interesting second statement is a consequence of this and
the duality pLrqK “ Zr´1pLq.
From the last proposition we know that no term of the lower central series of a
SAA can be 1-dimensional. Next proposition shows that some of terms of the
lower central series cannot be 2-dimensional.
Proposition 3.11. Let L be a SAA we have that dimLm ‰ 2 for 2 ď m ď 4.
Equivalently ZmpLq is not of co-dimension 2 if 1 ď m ď 3.
Proof. We first prove that dimL2 ‰ 2. We argue by contradiction and suppose
dimL2 “ 2. Then
2 “ dimL2 “ dimZpLqK “ dimL´ dimZpLq.
Suppose L “ ZpLq ` Fu` Fv. Then L2 “ Fuv, which contradicts dimL2 “ 2.
Next we turn to showing that dimL3 ‰ 2. We argue by contradiction and let L
be a counter example of smallest dimension. We first notice that ZpLq must be
isotropic as otherwise L “ IkIK for some 2-dimensional ideal I “ Fu`Fv ď ZpLq
where pu, vq “ 1. But thenM “ IK is a SAA of smaller dimension whereM3 “ L3
is of dimension 2. This however contradicts the minimality of L. We can thus
assume that ZpLq is isotropic. Notice that
2 “ dimL3 “ dimZ2pLqK “ dimL´ dimZ2pLq.
Say, L “ Z2pLq ` Fx ` Fy. Then L2 “ ZpLq ` Fxy and, as ZpLq is isotropic
and xy P L2 “ ZpLqK, L2 is isotropic. Thus L2 ď pL2qK “ ZpLq and we get the
contradiction that L3 “ t0u.
It now only remains to deal with L4. For a contradiction, suppose that dimL4 “
2. Then
2 “ dimL4 “ dimZ3pLqK “ dimL´ dimZ3pLq.
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Say L “ Z3pLq ` Fu ` Fv. Then L2 ď Z2pLq ` Fuv and using the fact that
Z2pLq ¨ L2 “ t0u we get
L2 ¨ L2 ď pZ2pLq ` Fuvq ¨ L2 “ Fuv ¨ L2 ď Fuv ¨ pZ2pLq ` Fuvq “ Fpuvqpuvq “ 0.
Thus 0 “ pL,L2 ¨ L2q ñ pL3, L2q “ 0 ñ pL4, Lq “ 0, that gives us the contradic-
tion that L4 “ t0u.
Example. Let L be the nilpotent alternating algebra with presentation
(We only list the triples that have non-zero value)
P : px2y3, y4q “ r, px1y2, y3q “ 1, py1y2, y4q “ 1.
Then inspection shows that dimL5 “ 2. The bound 4 in the last proposition is
therefore the best one.
3.3 Nilpotent Symplectic Alternating Algebras
We next see that, like for Lie algebras, all minimal sets of generators have the
same number of elements and we can thus introduce the notion of a rank.
Definition 3.12. Let L be a nilpotent SAA. We say that tx1, . . . , xru is a min-
imal set of generators if these generate L (as an algebra ) and no proper subset
generates L.
Lemma 3.13. Let L be a nilpotent SAA. Any minimal set of generators has the
same size which is dimL´ dimL2.
Proof. Let x1, . . . , xr P L and let M be the subalgebra of L generated by these
elements. It suffices to show that L “M if and only if x1`L2, . . . , xr`L2 generate
L{L2 as a vector space. Suppose first that L “M . Notice that M “ Fx1` ¨ ¨ ¨ `
Fxr `M XL2 and thus it is clear that L{L2 is generated by x1 `L2, . . . , xr `L2
as a vector space. Conversely suppose now that the images of x1, . . . , xr in L{L2
generate L{L2 as a vector space. An easy induction shows that
L “M ` Ls`1, Ls “M s ` Ls`1
for all integers s ě 1. If the class of L is n, we get in particular that L “
M ` Ln`1 “M .
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Definition 3.14. Let L be a nilpotent SAA. The unique smallest number of
generators for L, as an algebra, is called the rank of L and is denoted rpLq.
By last lemma we know that rpLq “ dimL ´ dimL2. This has the following
curious consequence.
Corollary 3.15. Let L be a nilpotent SAA. We have rpLq “ dimZpLq. In
particular if L ‰ t0u then dimZpLq ě 2.
Proof. From Lemma 2.3 we know that ZpLq “ pL2qK. Therefore
rpLq “ dimL´ dimL2 “ dim pL2qK “ dimZpLq.
Finally, we cannot have rpLq “ 1 as then we would have that L is one-dimensional.
Hence dimZpLq ě 2.
Lemma 3.16. Let I, J be ideals of a nilpotent SAA where I ď J . If dim J “
dim I ` 1 then I ď J is central. If I is an ideal such that dim I ă 2n “ dimL
then there exists an ideal J such that dim J “ dim I ` 1. If furthermore I is an
isotropic ideal and dim I ă n then J can be chosen to be isotropic.
Proof. Suppose J “ I ` Fx for some x P L. Let y P L. To show that I ď J is
central, it suffices to show that x ¨ y P I. Suppose that xy “ u1 ` ax for u1 P I
and a P F. As I E L it follows by induction that xyr “ ur ` arx for some ur P I.
If L is nilpotent of class at most m it follows that 0 “ um`amx and hence a “ 0.
For the latter part suppose first that I is any ideal such that dim I ă 2n. Let
m be the largest positive integer such that Lm ę I. Pick u P Lm z I. Then
J “ I ` Fu is the required ideal such that I ď J is central. Now suppose fur-
thermore that I is isotropic and that dim I ă n. Then IK is also an ideal and
I ă IK. Let m be the largest non-negative integer such that IK L ¨ ¨ ¨Lloomoon
m
ę I. Let
u P IK L ¨ ¨ ¨Lloomoon
m
zI and again the ideal J “ I ` Fu is the one required.
Lemma 3.17. Let L be a nilpotent SAA with ideals I, J where J “ I `Fx`Fy,
px, yq “ 1 and Fx ` Fy ď IK. Then JL ď I. Furthermore if I is isotropic then
J is abelian.
Proof. As J is an ideal of L and as pxt, xq “ 0 for all t P L we have that I ` Fx
is an ideal of L. By Lemma 3.16 we have that I ď I ` Fx is central. Similarly
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I ď I ` Fy is central and thus JL ď I. For the second part notice that if I is
isotropic then I “ J X JK thus JL ď I “ J X JK and by Lemma 3.7 it follows
that J is abelian.
Lemma 3.18. Let L be a nilpotent SAA. Every ideal I of dimension 2 is con-
tained in ZpLq. Equivalently, every ideal of codimension 2 must contain L2.
Proof. The second statement is a trivial fact that holds in all nilpotent alternating
algebras. The first statement is a consequence of this and that duality given by
I ď ZpLq ô L2 “ ZpLqK ď IK.
Remark 3.19. Suppose that L is any nilpotent alternating algebra such that L{L2
is 2-dimensional. Then it follows immediately that the dimension of L2{L3 is at
most 1 and that the dimension of L3{L4 is at most 2. Using this general fact and
Proposition 3.10 one can quickly show that all nilpotent SAA’s of dimension up
to 4 must be abelian. This is clear when the dimension is 2. Now suppose that L
is a nilpotent SAA of dimension 4. We know that dimL{L2 ě 2. If dimL2 “ 2
then by the reasoning above, we would have that dimL3 “ 1 that contradicts
Proposition 3.10. By that proposition we neither can have that dimL2 “ 1. Thus
we must have L2 “ 0 and L is abelian.
A Useful Inequality. Let L be a nilpotent SAA. Then




Proof. Let Vi be the complement of L
i`1 in Li. Then
Li “ Vi k Li`1
L “ V1 k V2 k ¨ ¨ ¨ k Vi k Li`1
Ui “ V1 k V2 k ¨ ¨ ¨ k Vi.
Thus it follows that we have
dimVi “ dim ZipLq ´ dim Zi´1pLq
dimUi “ dim pLi`1qK “ dim ZipLq.
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Now calculation gives that
Vi k Li`1 “ Li “ Li´1L “ pVi´1 k LiqpUi´1 k Liq
“ Vi´1Ui´1 ` Li`1
and we see that we have












In particular as dimLi ´ dimLi`1 “ dimLi`1K ´ dimLiK “ dimZipLq ´
dimZi´1pLq, thus equivalently we have that
dimLi`1 ě dimLi´ 1
2
pdimZi´1pLq´ dimZi´2pLqqpdimZi´1pLq` dimZi´2pLq´1q.
Theorem 3.20. Let L be a nilpotent SAA of dimension 2n ě 2. There exists an
ascending chain of isotropic ideals
t0u “ I0 ă I1 ă ¨ ¨ ¨ ă In´1 ă In
such that dim Ir “ r for r “ 0, . . . , n. Furthermore, for 2n ě 6, IKn´1 is abelian
and the ascending chain
t0u ă I2 ă I3 ă ¨ ¨ ¨ ă In´1 ă IKn´1 ă IKn´2 ă ¨ ¨ ¨ ă IK2 ă L
is a central chain. In particular L is nilpotent of class at most 2n´ 3.
Proof. Starting with the ideal I0 “ t0u, we can apply Lemma 3.16 iteratively to
get the required chain
t0u “ I0 ă I1 ă ¨ ¨ ¨ ă In.
By Lemma 3.18 we have that I2 ď ZpLq. By this and Lemma 3.16 we thus have
29
Chapter 3. General Theory
that the chain
I0 ă I2 ă I3 ă ¨ ¨ ¨ ă In´1
is central in L. By Lemma 3.9 it follows that the chain
IKn´1 ă IKn´2 ă ¨ ¨ ¨ ă IK2 ă IK0
is also central. It is only remains to see that In´1 ă IKn´1 is central and that IKn´1
is abelian. As IKn´1 “ In´1 ` Fx ` Fy for some x, y P L where px, yq “ 1 and as
In´1 is isotropic, this follows from Lemma 3.17.
Remark 3.21. When dimZpLq “ r ă n, we can choose our chain such that
Ir “ ZpLq. We then get a central chain
I0 ă Ir ă Ir`1 ă ¨ ¨ ¨ ă In´1 ă IKn´1 ă IKn´2 ă ¨ ¨ ¨ ă IKr ă L.
In particular the class is then at most 2n´ 3´ 2pr ´ 2q “ 2n´ 2r ` 1.
Presentations of nilpotent symplectic alternating algebras. Last theo-
rem tells us a great deal about the structure of nilpotent SAA’s. A moments re-
flection should convince the reader that we can pick a standard basis x1, y1, x2, y2,
. . . , xn, yn such that
I1 “ Fxn, I2 “ Fxn ` Fxn´1, . . . , In “ Fxn ` ¨ ¨ ¨ ` Fx1,
IKn´1 “ In ` Fy1, IKn´2 “ In ` Fy1 ` Fy2, . . . , IK0 “ L “ In ` Fy1 ` ¨ ¨ ¨ ` Fyn.
Now let u, v, w be three of the basis elements. Since In is abelian we have that
puv, wq “ 0 whenever two of these three elements are from tx1, . . . , xnu. The fact
that
t0u ă I1 ă ¨ ¨ ¨ ă In
is central also implies that pxiyj, ykq “ 0 if i ě k. So we only need to consider
the possible non-zero triples pxiyj, ykq, pyiyj, ykq for 1 ď i ă j ă k ď n. For each
triple pi, j, kq with 1 ď i ă j ă k ď n, let αpi, j, kq and βpi, j, kq be some elements
in the field F. We refer to the data
P : pxiyj, ykq “ αpi, j, kq, pyiyj, ykq “ βpi, j, kq, 1 ď i ă j ă k ď n
as a nilpotent presentation. We have just seen that every nilpotent SAA has a
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presentation of this type. Conversely, given any nilpotent presentation, let
Ir “ Fxn ` Fxn´1 ` ¨ ¨ ¨ ` Fxn`1´r
and we get an ascending central chain of isotropic ideals t0u “ I0 ă I1 ă ¨ ¨ ¨ ă In
such that dim Ij “ j for j “ 1, . . . , n. By Lemma 3.9 we then get a central chain
t0u “ I0 ă I1 ă ¨ ¨ ¨ ă In ă IKn´1 ă IKn´2 ă ¨ ¨ ¨ ă IK0 “ L
and thus L is nilpotent. Thus every nilpotent presentation describes a nilpotent
SAA.





parameters for these presentations.
If F is a finite field this thus gives the value |F|2pn3q as the upper bound for the
number of 2n-dimensional nilpotent SAA’s over the field F. Armed with this
information it is not difficult to get some good information about the growth of
nilpotent SAA’s over a finite field F. Let V be a 2n-dimensional vector space over
F and consider p^3V q˚. After fixing a standard basis for V , each presentation of
a SAA corresponds to an element in p^3V q˚. Now let N be the subset of p^3V q˚
corresponding to all nilpotent presentations. The number of nilpotent SAA’s of
dimension 2n is the same as the number of SppV q-orbits of p^3V q˚ consisting of
presentations that give nilpotent algebras. Suppose these are u
SppV q








and thus |F|2pn3q “ |N | ď m ¨ |SppV q| ď m ¨ |F|p2n`12 q. These calculations show that
the number of nilpotent SAA’s is
m “ |F|n3{3`Opn2q.
3.4 The structure of nilpotent symplectic alter-
nating algebras of maximal class
We have seen previously that nilpotent SAA’s of dimension 2n have class at most
2n ´ 3. For every algebra of dimension 2n ě 8 this bound is attained. As well
as demonstrating this we will see that the structure of these algebras of maximal
class is very restricted.
31
Chapter 3. General Theory
Let L be a nilpotent SAA of dimension 2n ě 8 with an ascending chain of
isotropic ideals
t0u “ I0 ă I1 ă ¨ ¨ ¨ ă In,
where dim Ij “ j for j “ 1, . . . , n.
Theorem 3.23. Suppose L is of maximal class. Then
I2 “ Z1pLq, I3 “ Z2pLq, . . . , In´1 “ Zn´2pLq,
IKn´1 “ Zn´1pLq, IKn´2 “ ZnpLq, . . . , IK2 “ Z2n´4pLq.
Furthermore Z0pLq, Z1pLq, . . . , Z2n´3pLq are the unique ideals of L of dimensions
0, 2, 3, . . . , n´ 1, n` 1, n` 2, . . . , 2n´ 2, 2n.
Proof. Let J0 “ t0u, J1 “ I2, . . . , Jn´2 “ In´1, Jn´1 “ IKn´1, Jn “ IKn´2, . . . , J2n´4 “
IK2 , J2n´3 “ L. By Theorem 3.20, the chain J0 ă J1 ă ¨ ¨ ¨ ă J2n´3 is central. We
argue by contradiction and let i be the smallest integer between 1 and 2n ´ 4
where Ji ă ZipLq. Let u P ZipLq z Ji and let k be the smallest integer between i
and 2n´ 4 such that u P Jk`1. Then
Jk ă Jk ` Fu ď Jk`1.
If Jk`1{Jk has dimension 1 it follows that Jk`1 ď ZkpLq and we get the contra-
diction that the class is at most 2n ´ 4. We can thus suppose that Jk`1{Jk has
dimension 2 and there are two cases to consider, either k “ n´ 2 or k “ 2n´ 4.
In the former case we have
In´1 ă In´1 ` Fu ď IKn´1
which implies that I “ In´1 ` Fu is an isotropic ideal of maximal dimension n.
As u P Zn´2pLq, we have that In´2 ă I is centralised by L. By Lemma 3.9 it
follows that I ă IKn´2 is also centralised by L and we get a central series
t0u “ I0 ă I2 ă I3 ă ¨ ¨ ¨ ă In´2 ă I ă IKn´2 ă IKn´3 ă ¨ ¨ ¨ ă IK2 ă IK0 “ L
of length 2n´4 and we get again the contraction that the class is less than 2n´3.
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Finally suppose that k “ 2n´ 4. So we have
IK2 ă IK2 ` Fu ă L
and u P Z2n´4pLq. Now let v P L z pIK2 ` Fuq. Then L “ IK2 ` Fu ` Fv and
L2 “ pIK2 ` FuqL ď Z2n´5pLq. Hence L ď Z2n´4pLq that again contradicts the
assumption that L is of class 2n´ 3.
We now want to show that these terms of the upper central series are the unique
ideals of dimensions 0, 2, 3, . . . , n ´ 1, n ` 1, n ` 2, . . . , 2n ´ 2, 2n. First let I be
an ideal of dimension 2. By Lemma 3.18 we have that I ď ZpLq and as we
have seen that ZpLq has dimension 2, it follows that I “ ZpLq. Now suppose
that for some 2 ď k ď n ´ 2 we know that Zk´1pLq is the only ideal of dimen-
sion k. Let I be an ideal of dimension k ` 1. As L is nilpotent we have that I
contains an ideal J of dimension k. By the induction hypothesis we have that
J “ Zk´1pLq and as I{J is of dimension 1 we have that I ď ZkpLq. We have
that ZkpLq has dimension k ` 1 and thus I “ ZkpLq. We have thus seen that
there are unique ideals of dimensions 0, 2, 3, . . . , n ´ 1. Now let I be an ideal of
dimension i P tn` 1, n` 2, . . . , 2n´ 2, 2nu. Then IK is an ideal whose dimension
is in t0, 2, 3, . . . , n ´ 1u. By what we have just seen IK is unique and thus I as
well.
Remark 3.24. p1q In particular it follows that ZkpLqK “ Z2n´3´kpLq for 0 ď
k ď 2n´ 3.
p2q As Lk “ Zk´1pLqK, it follows that L,L2, . . . , L2n´2 are the unique ideals of
dimensions 2n, 2n´ 2, 2n´ 3, . . . , n` 1, n´ 1, n´ 2, . . . , 2, 0. Also
Lk “ Zk´1pLqK “ Z2n´k´2pLq.
Remark 3.25. Let L be any nilpotent SAA of dimension 2n ě 6 with the property
that dimZpLq “ 2. Notice that ZpLq must be isotropic since otherwise we would
have a 2-dimensional symplectic subalgebra I within ZpLq and we would get a
direct sum IkIK of two SAA’s. As IK has non-trivial center this would contradict
the assumption that ZpLq is 2-dimensional. Now L has rank 2. Suppose it is
generated by x, y. Then L is generated by x, y, xy modulo L3 and thus dimZ2pLq “
dim pL3qK “ dimL´ dimL3 “ 3.
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The complete list of ideals of L. We have seen that there is a unique ideal
of dimension k for any 0 ď k ď 2n apart from k “ 1, k “ n and k “ 2n ´ 1.
Let us now turn to the remaining dimensions. Now every ideal of dimension 1
is contained in ZpLq and conversely every subspace of dimension 1 in ZpLq is an
ideal.
Next consider an ideal I of dimension 2n ´ 1. Then IK is an ideal of dimen-
sion 1 and is thus any subspace of dimension 1 such that
t0u ă IK ă ZpLq
Equivalently, I is any subspace of dimension 2n´ 1 such that
L2 “ ZpLqK ă I ă t0uK “ L.
Finally consider an ideal I of dimension n. Since L is nilpotent there exists
an ideal J of dimension n ` 1 containing I. By last theorem we have that
J “ Ln´1 “ Zn´2pLqK. Also I contains an ideal of dimension n´ 1 that we know
is Zn´2pLq. Thus
Zn´2pLq ă I ă Zn´2pLqK.
We also know from our previous work that Zn´2pLq is an isotropic ideal of di-
mension n´ 1. I is thus an isotropic ideal of the form
Zn´2pLq ` Fu
For some u P Zn´2pLqK z Zn´2pLq. Conversely, as Zn´2pLqKL ď Zn´2pLq we
have that for any intermediate subspace I of dimension n between Zn´2pLq and
Zn´2pLqK, I is an ideal.
We thus have a complete picture of the ideals of L.
We now focus on the characteristic ideals. It turns out that there are as well
always characteristic ideals of dimension 1, n and 2n´ 1 when 2n ě 10.
Remark 3.26. Notice that if I is a characteristic ideal then the ideal IK is also
characteristic. To see this let φ be any automorphism of the SAA L and let
a P IK. As φ is an automorphism we have that φpaq P φpIqK “ IK.
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Theorem 3.27. Let L be a nilpotent SAA of dimension 2n ě 10 that is of
maximal class. L has a chain of characteristic ideals
t0u “ I0 ă I1 ă ¨ ¨ ¨ ă In ă IKn´1 ă ¨ ¨ ¨ ă IK1 ă IK0 “ L
where for 0 ď k ď n, Ik is isotropic of dimension k.
Proof. By Theorems 3.20 and 3.23, we know that we can get such a chain of
ideals where all the ideals apart from I1, In and I2n´1 are characteristic. We
want to show that we can choose our chain such that I1, In and I2n´1 are also
characteristic. Let x1, y1, . . . , xn, yn be a standard basis such that
Ik “ Fxn ` Fxn´1 ` ¨ ¨ ¨ ` Fxn`1´k
for 1 ď k ď n. Then I4IK2 “ Fxn´3yn´2 is a characteristic ideal. We claim
that this is non-trivial. Otherwise xn´3yn´2 “ 0 and then pxn´3u, yn´2q “ 0 for
all u P L that implies that xn´3L ď Fxn ` Fxn´1 and we get the contradiction
that xn´3 P Z2pLq “ I3. Thus we have got a characteristic ideal of dimension 1,
namely I4I
K
2 “ Z3pLq ¨ L2. Notice that we are assuming here that n ě 5. From
this we get that pI4IK2 qK is a characteristic ideal of dimension 2n´ 1.
It remains to find a characteristic ideal of dimension n. We know that Ln “
Fxn`Fxn´1`¨ ¨ ¨`Fx2, Ln´1 “ IKn´1 “ Fxn`¨ ¨ ¨`Fx1`Fy1 and Ln´2 “ IKn´2 “
IKn´1 ` Fy2. As Ln´1 “ Ln´2 ¨ L it follows that Ln ` Fx1 ` Fy1 “ pLn´1 ` Fy2qL
and thus
Ln ` Fx1 ` Fy1 “ Ln ` y2L.
Thus there exist u, v P L such that y2u` Ln “ x1 ` Ln and y2v ` Ln “ y1 ` Ln.
Then
py2u, x1q “ 0, py2u, y1q ‰ 0, py2v, x1q ‰ 0, py2v, y1q “ 0.
Equivalently
px1y2, uq “ 0, px1y2, vq ‰ 0, py1y2, uq ‰ 0, py1y2, vq “ 0
and this implies that x1y2, y1y2 are linearly independent (something that will also
be useful later). Consider next the 2-dimensional characteristic subspace
Ln´1Ln´2 “ Fx1y2 ` Fy1y2.
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Notice that Ln´1Ln´2 ď In´2. Let k be the smallest positive integer between 1
and n´3 such that Ln´1Ln´2 ď Ik`1. Let J “ Ln´1Ln´2XIk. Then dim J “ 1 and
there is a unique one-dimensional subspace Fu of Fx1`Fy1 such that FuLn´2 “ J .
Now I “ In´1 ` Fu is the characteristic ideal of dimension n that we wanted.
Notice that I “ tx P In`1 : xIn`2 ď Ju.
Remark 3.28. If L is a nilpotent SAA of dimension 8 that is of maximal class
then there is no characteristic ideal of dimension 1. The reader can convince
himself of this by looking at the classification of these algebras given in the next
chapter.
Corollary 3.29. Let L be a nilpotent SAA of maximal class and dimension
2n ě 10. The automorphism group of L is nilpotent-by-abelian.
Proof. Consider a chain of characteristic ideals as given in the last theorem
t0u “ I0 ă I1 ă ¨ ¨ ¨ ă In ă IKn´1 ă IKn´2 ă ¨ ¨ ¨ ă IK0 “ L.
Consider the ordered basis pxn, xn´1, . . . , x1, y1, . . . , ynq associated with this chain,
that is Ik “ Fxn ` Fxn´1 ` ¨ ¨ ¨ ` Fxn`1´k. As the ideals in the chain are all
characteristic we see that the matrix of any automorphism with respect to that
ordered basis will be upper triangular. The result follows.
We next move on to presentations of nilpotent SAA’s of maximal class. Suppose
L is any nilpotent SAA with a presentation
P : pxiyj, ykq “ αijk, pyiyj, ykq “ βijk, 1 ď i ă j ă k ď n.
We would like to read from the presentation whether the algebra is of maximal
class. This turns out to be possible.
Theorem 3.30. Let L be a nilpotent SAA of dimension 2n ě 8 given by some
nilpotent presentation P. The algebra is of maximal class if and only if xn´2yn´1,
xn´3yn´2, . . . , x2y3 are non-zero and x1y2, y1y2 are linearly independent.
Proof. Let us first see that these conditions are necessary. Suppose that L is of
maximal class. In the proof of Theorem 3.27 we have already seen that x1y2 and
y1y2 must be linearly independent. As before we let Ik “ Fxn`¨ ¨ ¨`Fxn`1´k. As
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xn´2 R ZpLq, we have pxn´2yn´1, ynq ‰ 0 and thus xn´2yn´1 ‰ 0. As the terms of
the central chain
I0 ă I2 ă I3 ă ¨ ¨ ¨ ă In´1 ă IKn´1 ă IKn´2 ă ¨ ¨ ¨ ă IK2 ă IK0
are the terms of the lower central series, we know that Ik`1L “ Ik for 2 ď k ď
n´ 2. Thus we have for 3 ď k ď n´ 2 that
Ik´1 ` Fxn´k`1 “ pIk ` Fxn´kqL.
From this it follows Ik´1`Fxn´k`1 “ Ik´1`xn´kL. In particular there exist u P L
such that Ik´1 ` xn´k`1 “ Ik´1 ` xn´ku. It follows that 0 ‰ pxn´ku, yn´k`1q “
´pxn´kyn´k`1, uq. Hence xn´kyn´k`1 is non-zero for 3 ď k ď n´ 2.
Let us then see that these conditions are sufficient. We do this by showing that
I2 “ I3L, I3 “ I4L, . . . , In´2 “ In´1L, In´1 “ IKn´1L, IKn´1 “ IKn´2L, . . . , IK3 “
IK2 L, IK2 “ IK0 L. This is sufficient as this would imply that L2n´3 “ I2 ‰ 0
and thus L is nilpotent of class 2n ´ 3. Firstly as xn´2yn´1 ‰ 0 we have that
pxn´2yn´1, ynq ‰ 0 and thus I3L “ xn´2L “ Fxn ` Fxn´1 “ I2. Now suppose we
have already established that Ik “ Ik`1L for all 2 ď k ď m where 2 ď m ď n´3.
Then
Im`2L “ pIm`1 ` Fxn´m´1qL “ Im ` xn´m´1 ¨ L
As xn´m´1yn´m ‰ 0 we have pxn´m´1u, yn´mq “ ´pxn´m´1yn´m, uq ‰ 0 for some
u P L and thus Im`2L “ Im ` xn´m´1L “ Im ` Fxn´m “ Im`1. We have thus
established by induction that
I2 “ I3L, . . . , In´2 “ In´1L.
We next show that IKn´1L “ In´1. As x1y2 ‰ 0 we have that there exist u P L
such that 0 ‰ px1y2, uq “ ´px1u, y2q and
IKn´1L “ pIn´1 ` Fx1 ` Fy1qL “ In´2 ` Fx2 “ In´1.
Next we show that IKn´2L “ IKn´1. As x1y2, y1y2 are linearly independent there
exist u, v P L such that
px1y2, uq “ 0, px1y2, vq ‰ 0, py1y2, uq ‰ 0, py1y2, vq “ 0
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and thus
py2u, x1q “ 0, py2u, y1q ‰ 0, py2v, x1q ‰ 0, py2v, y1q “ 0.
Hence
IKn´2L “ pIKn´1 ` Fy2qL “ In´1 ` Fy2L “ In´1 ` Fx1 ` Fy1 “ IKn´1.
Now suppose that we have established that IKk´1L “ IKk for m ` 1 ď k ď n ´ 1
where 3 ď m ď n´ 2. As xn´myn´m`1 ‰ 0 it follows that there exists u P L such
that 0 ‰ pxn´myn´m`1, uq “ pyn´m`1u, xn´mq. Thus
IKm´1L “ pIKm ` yn´m`1qL “ IKm`1 ` yn´m`1L “ IKm`1 ` Fyn´m “ IKm.
It now only remains to see that IK0 L “ IK2 . But this follows from xn´2yn´1 ‰ 0
that implies that pyn´1yn, xn´2q “ pxn´2yn´1, ynq ‰ 0. Thus
IK0 L “ pIK2 ` Fyn´1 ` FynqL “ IK3 ` pFyn´1 ` FynqL “ IK3 ` Fyn´2 “ IK2 .
This finishes the proof.
Remark 3.31. In particular it follows that for each 2n ě 8 there exist a nilpotent
symplectic alternating algebra of maximal class. One just needs to choose the
presentation such that the conditions from Theorem 3.30 hold. One possibility is
P : pxn´2yn´1, ynq “ ´1, pxn´3yn´2, ynq “ ´1, . . . , px2y3, ynq “ ´1, px1y2, ynq “ ´1,
py1y2, yn´1q “ ´1.
In fact the conditions are not a strong constraint. In particular the values of






that is a polynomial in n of degree 3 with leading coefficient 1{3.
Let F be any finite field. By a similar argument as we used for determining the
growth of nilpotent SAA’s we see that the number mpnq of nilpotent SAA’s of
maximal class satisfies
mpnq “ |F|n3{3`Opn2q.
Remark 3.32. p1q Let L be a nilpotent SAA of dimension 2n ě 10 that is of
maximal class and consider a chain t0u “ I0 ă ¨ ¨ ¨ ă In of characteristic ideals
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and thus we get that Fx2y3,Fx3y4, . . . ,Fxn´3yn´2 are one-dimensional character-
istic subspaces of L. Also,
IKn´1I
K
n´2 “ Fx1y2 ` Fy1y2
is a characteristic subspace. So is IKn IKn´2 “ Fx1y2.
p2q If V is a characteristic subspace of dimension d then we get a chain of char-
acteristic subspaces
V X I1 ď V X I2 ď ¨ ¨ ¨ ď V X In ď V X IKn´1 ď ¨ ¨ ¨ ď V X IK0 “ V.





ALGEBRA OF DIMENSION 2n ď 8
The classification of the nilpotent SAA’s of dimensions at most 8 is implicit in
[16] although this is not done explicitly and the context there is a more general
setting. To demonstrate the machinery that we have developed we will offer a
much shorter approach here. Throughout this chapter we will be working with
an arbitrary field F.
We have observed earlier that nilpotent SAA’s of dimensions 2 or 4 must be
abelian.
4.1 Algebras of dimension 6
Let L be a non-abelian nilpotent SAA of dimension 6 with a nilpotent presenta-
tion P . There are at most two non-zero triple values
px1y2, y3q “ a, py1y2, y3q “ b.
As L is non-abelian, one of these must be non-zero and, by replacing x1, y1 by
´y1, x1 if necessary, we can assume that b ‰ 0. Replacing then x3, y3 by bx3, 1by3
implies that we can further assume that py1y2, y3q “ 1. Finally replacing x1, y1 by
x1 ´ ay1, y1 and we can also assume that px1y2, y3q “ 0. Apart from the abelian
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algebra, there is thus only one algebra of dimension 6 with presentation
Pp3,1q6 : py1y2, y3q “ 1.
(We will normally only write down those triples where the value is non-zero).
4.2 Algebras of dimension 8
First suppose that ZpLq is not isotropic. We can then choose our standard basis
such that I “ Fx4 ` Fy4 ď ZpLq and we get a direct sum I k IK of SAA’s of
dimensions 2 and 6. From 4.1 we then know that apart from the abelian algebra,
there is only one such algebra L “ Fx4`Fx3`Fx2`Fx1`Fy1`Fy2`Fy3`Fy4
with presentation
Pp5,1q8 : py1y2, y3q “ 1.
We then turn to the situation where ZpLq is isotropic. Let us first see that
dimZpLq ‰ 4. We argue by a contradiction and suppose that dimZpLq “ 4. Pick
a standard basis such that ZpLq “ Fx4` Fx3` Fx2` Fx1. Now L is not abelian
and thus pyiyj, ykq ‰ 0 for some 1 ď i ă j ă k ď 4. Without loss of generality, we
can suppose that py1y2, y3q “ 1. Suppose now that py1y2, y4q “ a, py2y3, y4q “ b
and py3y1, y4q “ c. Let y¯4 “ y4 ´ by1 ´ cy2 ´ ay3. Inspection shows that y¯4
is orthogonal to L2 “ Fy1y2 ` Fy2y3 ` Fy3y1 ` Fy¯4y1 ` Fy¯4y2 ` Fy¯4y3. Thus
y¯4 P pL2qK “ ZpLq and we get the contradiction that dimZpLq ě 5. Thus we
have shown that dimZpLq ‰ 4 and as dimZpLq is always at least 2, we have two
cases to consider: dimZpLq “ 3 and dimZpLq “ 2.
4.2.1 Algebras with an isotropic center of dimension 3
We can choose the standard basis such that
ZpLq “ Fx4 ` Fx3 ` Fx2
L2 “ ZpLqK “ Fx4 ` Fx3 ` Fx2 ` Fx1 ` Fy1.
By Theorem 3.20, we know that L3 “ L2L ď ZpLq and by Propositions 3.10 and
3.11 we must then have L3 “ ZpLq. As x1 R ZpLq, we must have px1yi, yjq ‰ 0
for some 2 ď i ă j ď 4. Without loss of generality px1y2, y3q ‰ 0. By replacing
y4, y1 by y4 ` ax1, y1 ` ax4 for a suitable a, we can assume that py2y4, y3q “ 0.
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Let V “ Fy2 ` Fy3 ` Fy4. Now py2y3, y4q “ 0 and L2 “ ZpLq ` Fx1 ` Fy1. As
L “ L2 ` V it follows that V 2 “ Fx1 ` Fy1 and as V 2 is not isotropic we must
have that some two of y2y3, y4y3, y2y4 are not isotropic. Without loss of generality




a suitable a P F, we can furthermore assume that py2y3, y4y3q “ 1. Thus
Fx1 ` Fy1 “ V 2 “ Fy2y3 ` Fy4y3
and y2y4 “ ay2y3`by4y3 for some a, b P F. It follows that py2`by3qpy4´ay3q “ 0.
Now replace y2, y4, x3 by y2` by3, y4´ ay3, x3´ bx2` ax4 and then replace x1, y1
by y2y3, y4y3. It follows that we get a new standard basis where
y2y3 “ x1, y4y3 “ y1, y2y4 “ 0.
This implies that the only non-zero triples are py1y2, y3q “ 1 and px1y3, y4q “ 1.
There is thus only one possible candidate here, the algebras L with presentation
Pp3,2q8 : py1y2, y3q “ 1, px1y3, y4q “ 1.
Conversely, one sees by inspection that ZpLq “ Fx4`Fx3`Fx2 and this candidate
is a genuine example with dimZpLq “ 3.
4.2.2 Algebras with an isotropic center of dimension 2
We know that the class of L is at most 2 ¨ 4 ´ 3 “ 5 and thus L5 ď ZpLq.
Let k be the smallest positive integer 2 ď k ď 5 such that Lk ď ZpLq. As
dimLk ď 2, it follows from Proposition 3.11 that k “ 5. Hence L is of maximal
class and by Theorem 3.23 can choose our standard basis such that, we get ideals
Ik “ Fx4 ` ¨ ¨ ¨ ` Fx4`1´k, k “ 0, . . . , 4 where
t0u “ I0 ă I1 ă ¨ ¨ ¨ ă I4 “ IK4 ă IK3 ă ¨ ¨ ¨ ă IK0 “ L
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is a central series with I2 “ ZpLq “ L5, I3 “ Z2pLq “ L4, IK3 “ Z3pLq “ L3 and
IK2 “ Z4pLq “ L2. Thus we have




L4 “ Z2pLq x2 y2 L2 “ Z4pLq
x1 y1 L
3 “ Z3pLq
By Theorem 3.30 we furthermore have that x1y2, y1y2 are linearly independent
and thus a basis for ZpLq “ Fx4`Fx3. We can now pick our standard basis such
that x1y2 “ x4 and y1y2 “ x3. As x2 R ZpLq, we also have that px2y3, y4q ‰ 0.
This means that we have the non-zero triples px1y2, y4q “ 1, py1y2, y3q “ 1
and px2y3, y4q “ r ‰ 0. The only remaining triples that are possibly non-zero are
px1y3, y4q, py1y3, y4q and py2y3, y4q. Replacing x1, y1 and y2 by x1´ax2, y1´bx2 and
y2` ay1´ bx1´ cx2 for suitable a, b, c P F, we can assume that these extra triples
are zero. We can thus choose our basis so that our algebra L has presentation
Pp2,3q8 prq : px2y3, y4q “ r, px1y2, y4q “ 1, py1y2, y3q “ 1. (4.1)
We finally need to sort out when, for r, s P F˚ “ F z t0u, the two presentations
Pp2,3q8 prq and Pp2,3q8 psq describe the same algebra L. We will see that this happens
if and only if s{r P pF˚q3. To see that this is a sufficient condition, suppose
we have an algebra L that has a presentation Pp2,3q8 prq with respect to some
standard basis x1, y1, x2, y2, x3, y3, x4, y4. Suppose that s “ a3r for some a P F˚.
Let x˜1 “ x1, y˜1 “ y1, x˜2 “ ax2, y˜2 “ 1ay2, x˜3 “ 1ax3, y˜3 “ ay3, x˜4 “ 1ax4 and
y˜4 “ ay4. Inspection shows that L has presentation Pp2,3q8 psq with respect to the
new basis. It remains to see that the condition is also necessary. Consider the
algebra L with presentation Pp2,3q8 prq and take an arbitrary new standard basis
x˜1, y˜1, x˜2, y˜2, x˜3, y˜3, x˜4, y˜4 such that L satisfies the presentation Pp2,3q8 psq for some
s P F˚. We want to show that s{r P pF˚q3. Now
y˜3 “ ay3 ` by4 ` u,
y˜4 “ cy3 ` dy4 ` v,
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for some u, v P L2 and a, b, c, d P F where ad´ bc ‰ 0. As dimL2 ´ dimL3 “ 1 it
follows readily that L2L2 ď L4 and it follows that
y˜3y˜4y˜3 “ pay3 ` by4qpcy3 ` dy4qpay3 ` by4q ` w,
y˜3y˜4y˜4 “ pay3 ` by4qpcy3 ` dy4qpcy3 ` dy4q ` z,
for some w, z P L4. As L6 “ 0 we have that L4 is orthogonal to L3 and thus in
the following direct calculations we can omit w and z. We have
´s2 “ py˜3y˜4y˜3, y˜3y˜4y˜4q “ ´pad´ bcq3r2.
Hence s{r P pF˚q3.
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The Classification of nilpotent
SAA of dimension 10
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This part will be mostly about extending the classification of nilpotent SAA’s
to algebras of dimension 10. Throughout this part we will be working with an
arbitrary field F. The classification depends strongly on the field we are working
with. When the field is algebraically closed we will see that there are 22 such
algebras of dimension 10. Over the field GF p3q, where there is a 1-1 correspon-
dence with a class of powerful 2-Engel 3-groups, there are 25 algebras.
We will first consider the case when the center of L is not isotropic as then
we can use our classification of algebras of lower dimension.
By a similar argument as in the previous chapter we see that L is a direct sum
of an abelian algebra Fx5 ` Fy5 of dimension 2 and an algebra of dimension 8.
Our classification of the latter yields that we get the following presentations for
algebras of dimension 10 with non-isotropic center:
Qp7,1q10 : py1y2, y3q “ 1.
Qp5,1q10 : py1y2, y3q “ 1, px1y3, y4q “ 1.
Qp4,1q10 prq : px2y3, y4q “ r, px1y2, y4q “ 1, py1y2, y3q “ 1,
where Q10p4,1qprq and Q10p4,1qpsq describe the same algebra L if and only if s{r P
pF˚q3.
We now turn into the case where the center ZpLq is isotropic. We have that
dimZpLq is between 2 and 5. Thus we have 4 cases to deal with in the following
4 chapters.
CHAPTER 5
ALGEBRAS WITH AN ISOTROPIC CENTER OF
DIMENSION 5
Let L be a nilpotent SAA of dimension 10 with an isotropic center of dimension
5. We can then choose a standard basis x1, y1, x2, y2, x3, y3, x4, y4, x5, y5 such that
ZpLq “ Fx5 ` Fx4 ` Fx3 ` Fx2 ` Fx1.
Here x1, y1, x2, y2, x3, y3, x4, y4, x5, y5 will be determined later such that some fur-
ther conditions hold. The elements y1, . . . , y5 are not in ZpLq and without loss of
generality we can assume that py1y2, y3q “ 1. Now suppose that pyiyj, y4q “ αij
and pyiyj, y5q “ βij for 1 ď i, j ď 3. Replacing x1, x2, x3, y4, y5 by
x˜1 “ x1 ` α23x4 ` β23x5, y˜4 “ y4 ´ α12y3 ´ α23y1 ´ α31y2,
x˜2 “ x2 ` α31x4 ` β31x5, y˜5 “ y5 ´ β12y3 ´ β23y1 ´ β31y2,
x˜3 “ x3 ` α12x4 ` β12x5,
We can assume that our standard basis has the further property that pyiyj, y4q “
pyiyj, y5q “ 0 for 1 ď i ă j ď 3. As y4 R ZpLq, we know that one of
py1y4, y5q, py2y4, y5q, py3y4, y5q is non-zero. Without loss of generality we can as-
sume that py1y4, y5q “ 1. The only triples whose values are not known are then
α “ py2y4, y5q and β “ py3y4, y5q. Replacing x1, y2, y3 by x˜1 “ x1`αx2`βx3, y˜2 “
y2´αy1, y˜3 “ y3´βy1, we get a new standard basis where the only nonzero triple
values are py1y2, y3q “ 1 and py1y4, y5q “ 1. We have thus proved the following
result.
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Proposition 5.1. There is a unique nilpotent SAA of dimension 10 that has
isotropic center of dimension 5. L can be described by the nilpotent presentation
Pp5,1q10 : py1y2, y3q “ 1, py1y4, y5q “ 1.
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ALGEBRAS WITH AN ISOTROPIC CENTER OF
DIMENSION 4
The situation here is far more complicated and we will need to consider several
subcases. Let L be a nilpotent SAA of dimension 10 with an isotropic center of
dimension 4. We can pick our standard basis such that
ZpLq “ Fx5 ` Fx4 ` Fx3 ` Fx2.
Then
L2 “ ZpLqK “ ZpLq ` Fx1 ` Fy1
and by Lemma 3.17 we know that L3 “ L2L ď ZpLq. As L2 ę ZpLq we have
L3 ‰ t0u and by Propositions 3.10 and 3.11 we then have that 3 ď dimL3 ď 4.
We will consider the cases L3 ă ZpLq and L3 “ ZpLq separately.
6.1 The algebras where L3 ă ZpLq
In this case we can choose our basis such that
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ZpLq x2 y2 Z2pLq
x1 y1 L
2 “ ZpLqK
L3 “ Fx5 ` Fx4 ` Fx3
ZpLq “ L3 ` Fx2
L2 “ ZpLqK “ L3 ` Fx2 ` Fx1 ` Fy1
Z2pLq “ pL3qK “ ZpLq ` Fx1 ` Fy1 ` Fy2
Notice that, as Z2pLq ¨ L2 “ t0u, we have that Z2pLq is abelian and thus in
particular x1y2 “ y1y2 “ 0. As Z2pLq is an abelian ideal we also have that
Z2pLqL is orthogonal to Z2pLq and thus Z2pLq ¨L ď Z2pLqK “ L3. It follows that
Fx2 ` Fx1 ` Fy1 ` L3 “ L2 “ Fy3y4 ` Fy3y5 ` Fy4y5 ` L3.
Suppose
x2 ` L3 “ αy3y4 ` βy3y5 ` γy4y5 ` L3.
Now at least one of α, β, γ is nonzero and by the symmetry in y3, y4, y5 we can
assume that α ‰ 0. Thus
x2 ` L3 “ py3 ´ γ
α
y5qpαy4 ` βy5q ` L3.
By replacing x4, x5, y3, y4 by x˜4 “ 1αx4, x˜5 “ x5 ´ βαx4 ` γαx3, y˜3 “ y3 ´ γαy5, y˜4 “
αy4`βy5, we can then assume that x2`L3 “ y3y4`L3. In particular py2y3, y4q “
1. Suppose that py3y4, y5q “ τ . Replacing x2, y5 by x˜2 “ x2`τx5 and y˜5 “ y5´τy2
we can furthermore assume that py3y4, y5q “ 0. If we let V “ Fy3 ` Fy4 ` Fy5, it
follows that we now have
V 2 “ Fx2 ` Fx1 ` Fy1 and y3y4 “ x2. (6.1)
By (6.1) we know that
x1 “ αy3y4 ` βy3y5 ` γy4y5 “ αx2 ` βy3y5 ` γy4y5,
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where without loss of generality we can assume that γ ‰ 0. Then
x1 “ py4 ` β
γ
y3qp´αy3 ` γy5q.
Replacing x3, x5, y4, y5 by x˜3 “ x3 ´ βγx4 ` αγx5, x˜5 “ 1γx5, y˜4 “ y4 ` βγ y3 and
y˜5 “ ´αy3 ` γy5, we obtain
y4y5 “ x1. (6.2)
Notice that (6.1) is not affected by these changes. Finally we know from (6.1)
and (6.2) that
y1 “ ´αx2 ´ βx1 ` γy5y3
for some 0 ‰ γ P F. Then
y1 “ py5 ` α
γ
y4qpγy3 ` βy4q.
Now replace x3, x4, y3, y5 by x˜3 “ 1γx3, x˜4 “ x4 ´ αγx5 ´ βγx3, y˜3 “ γy3 ` βy4 and
y˜5 “ y5 ` αγ y4. This gives us
y5y3 “ y1. (6.3)
This does not affect (6.2) but instead of (6.1) we get y3y4 “ γx2. Now we make
the final change by replacing x2 and y2 by γx2 and
1
γ
y2 and we can assume that
(6.1), (6.2) and (6.3) hold. We had seen earlier that Z2pLq is abelian and thus all
triple values involving two elements from tx5, x4, x3, x2, x1, y1, y2u is trivial. Thus
all the nontrivial triple values involve two of y3, y4, y5 but from (6.1), (6.2) and
(6.3) we know what these are. We have thus proved
Proposition 6.1. There is a unique nilpotent SAA of dimension 10 that has an
isotropic center of dimension 4 and where L3 ă ZpLq. This algebra can be given
by the nilpotent presentation
Pp4,1q10 : py2y3, y4q “ 1, py1y4, y5q “ 1, px1y3, y5q “ 1.
Remark 6.2. Inspection shows that the algebra with that presentation has a
center of dimension 4 and the property that L3 ă ZpLq.
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6.2 The algebras where L3 “ ZpLq












2 “ ZpLqK “ L3K “ Z2pLq
ZpLq “ L3 “ Fx5 ` Fx4 ` Fx3 ` Fx2
Z2pLq “ L2 “ ZpLqK “ ZpLq ` Fx1 ` Fy1
In order to clarify the structure further, we will associate to any such algebra
a family of new alternating forms that are defined as follows. For each z¯ “
z ` ZpLq P L2{ZpLq, we obtain the alternating form
φz¯ : L{L2 ˆ L{L2 ÝÑ F
given by
φz¯pu¯, v¯q “ pzu, vq
where u¯ “ u ` L2 and v¯ “ v ` L2. Notice that this is a well defined function as
L2 is abelian.
Remark 6.3. p1q If 0 ‰ z¯ “ z ` ZpLq P L2{ZpLq, then φz¯ ‰ 0. Otherwise
we would have pzu, vq “ 0 for all u, v P L that would give the contradiction that
z P ZpLq and thus z¯ “ 0.
p2q There is no non-zero element in V “ L{L2 that is common to the isotropic
part of V “ L{L2 with respect to all the alternating forms φz¯ with z¯ P L2{ZpLq.
Otherwise there would be some 0 ‰ t P Fy5`Fy4`Fy3`Fy2 such that pzt, uq “ 0
for all z P L2 and all u P L. But then ut P pL2qK “ ZpLq for all u P L that gives
the contradiction that t P Z2pLq “ L2.
We divide the algebras into three categories.
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A. The algebras where there exists a basis z¯, t¯ for L2{ZpLq such that the al-
ternating forms φz¯, φt¯ are both degenerate.
B. The algebras where there exists 0 ‰ z¯ P L2{ZpLq such that φz¯ is degener-
ate but φt¯ is non-degenerate for all t¯ P L2{ZpLq that are not in Fz¯.
C. The algebras where φz¯ is non-degenerate for all 0 ‰ z¯ P L2{ZpLq.
6.2.1 Algebras of type A
Pick x1, y1 P L2 zZpLq such that φx¯1 and φy¯1 are degenerate and such that
px1, y1q “ 1. By the remarks above we thus know that the isotropic part
of L{L2 with respect to both the alternating forms φx¯1 and φy¯1 is of dimen-
sion 2 and the intersection of the two is trivial. Thus we can pick a basis
y¯5 “ y5 ` L2, y¯4 “ y4 ` L2, y¯3 “ y3 ` L2, y¯2 “ y2 ` L2 for L{L2 such that
Fy¯4 ` Fy¯5 is the isotropic part of L{L2 with respect to φx¯1 .
Fy¯3 ` Fy¯2 is the isotropic part of L{L2 with respect to φy¯1 .
This shows that we can pick our standard basis such that
px1y2, y3q “ 1 py1y2, y3q “ 0
px1y2, y4q “ 0 py1y2, y4q “ 0
px1y2, y5q “ 0 py1y2, y5q “ 0
px1y3, y4q “ 0 py1y3, y4q “ 0
px1y3, y5q “ 0 py1y3, y5q “ 0
px1y4, y5q “ 0 py1y4, y5q “ 1.
To determine the structure fully we are only left with the triples pyiyj, ykq “ rijk
for 2 ď i ă j ă k ď 5. Let
y˜i “ yi ` αix1 ` αiy1,
x˜1 “ x1 ´ pα2x2 ` α3x3 ` α4x4 ` α5x5q,
y˜1 “ y1 ` α2x2 ` α3x3 ` α4x4 ` α5x5.
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Inspection shows that we can choose α2, . . . , α5 such that py˜iy˜j, y˜kq “ 0 for all
2 ď i ă j ă k ď 5. In fact this works for α2 “ ´r245, α3 “ ´r345, α4 “ ´r234 and
α5 “ ´r235. We have thus proved the following result.
Proposition 6.4. There is a unique nilpotent SAA of dimension 10 with an
isotropic center of dimension 4 and where L3 “ ZpLq that is of type A. This
algebras can be given by the presentation
Pp4,2q10 : px1y2, y3q “ 1, py1y4, y5q “ 1.
Notice that inspection shows that the algebra with this presentation indeed has
the properties stated in the proposition.
6.2.2 Algebras of type B
Suppose that φx¯1 is degenerate and that the isotropic part of L{L2 with respect to
this alternating form is Fy¯4`Fy¯5. We are now assuming that φz¯ is non-degenerate
for all z¯ R Fx¯1. Pick y1 P L2 such that px1, y1q “ 1.
Remark 6.5. We must have φy¯1py¯4, y¯5q “ 0. Otherwise we would get a basis
y¯2, y¯3, y¯4, y¯5 for L{L2 such that
φy¯1py¯4, y¯5q “ 1, φy¯1py¯2, y¯3q “ 1, φx¯1py¯2, y¯3q “ α ‰ 0
and where φy¯1py¯i, y¯jq “ 0 and likewise φx¯1py¯i, y¯jq “ 0 for any pair y¯i, y¯j such that
2 ď i ă j ď 5 that is not included above. But then inspection shows that φαy¯1´x¯1
is degenerate where the corresponding isotropic part of L{L2 is Fy¯2 ` Fy¯3. But
this contradicts our assumptions.
We thus know that φy¯1py¯4, y¯5q “ 0. As φy¯1 is non-degenerate we know that there
exists some y¯2 P L{L2 such that
φy¯1py¯2, y¯4q “ 1. (6.4)
Replacing y5 and y3 by some suitable y5`αy4 and y3`βy4`γy2 we can furthermore
assume that
φy¯1py¯2, y¯5q “ φy¯1py¯3, y¯4q “ φy¯1py¯2, y¯3q “ 0. (6.5)
As φx¯1 is non-zero we must have φx¯1py¯2, y¯3q ‰ 0 and by replacing y¯3 by a multiple
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of itself we can assume that
φx¯1py¯2, y¯3q “ 1. (6.6)
Notice that this does not affect (6.4) and (6.5). As φy¯1 is non-degenerate we
cannot have that y¯3 is isotropic to all vectors in L{L2 with respect to this alter-
nating form. Thus by (6.5) we must have φy¯1py¯3, y¯5q ‰ 0 and by replacing y¯5 by
a multiple of itself we can assume that
φy¯1py¯3, y¯5q “ 1. (6.7)
Again equations (6.4), (6.5) and (6.6) are not affected. We thus see that we can
choose a standard basis such that
px1y2, y3q “ 1 py1y2, y3q “ 0
px1y2, y4q “ 0 py1y2, y4q “ 1
px1y2, y5q “ 0 py1y2, y5q “ 0
px1y3, y4q “ 0 py1y3, y4q “ 0
px1y3, y5q “ 0 py1y3, y5q “ 1
px1y4, y5q “ 0 py1y4, y5q “ 0.
As in case A we are only left with the triples pyiyj, ykq “ rijk for all 2 ď i ă j ă
k ď 5. As in that case we let
y˜i “ yi ` αix1 ` αiy1,
x˜1 “ x1 ´ pα2x2 ` α3x3 ` α4x4 ` α5x5q,
y˜1 “ y1 ` α2x2 ` α3x3 ` α4x4 ` α5x5.
Inspection shows that we can choose α2, α3, α4, α5 such that py˜iy˜j, y˜kq “ 0 for
2 ď i ă j ă k ď 5. We thus get the following result.
Proposition 6.6. There is a unique nilpotent SAA of dimension 10 with isotropic
center of dimension 4 where L3 “ ZpLq and L is of type B. This algebra can be
given by the presentation
Pp4,3q10 : px1y2, y3q “ 1, py1y2, y4q “ 1, py1y3, y5q “ 1.
Proof. We have already shown that this algebra is the only candidate. Inspection
shows that conversely this algebra has isotropic center of dimension 4 and L3 “
55
Chapter 6. Algebras with an isotropic center of dimension 4
ZpLq. It remains to see that the algebra is of type B. Thus let r P F. We want
to show that φrx¯1`y¯1 is non-degenerate. Let t “ αy2 ` βy3 ` γy4 ` δy5 such that
φrx¯1`y¯1pt¯, u¯q “ 0 for all u¯ P L{L2 where t¯ “ t` L2. Then
0 “ φrx¯1`y¯1pt¯, y¯5q “ β
0 “ φrx¯1`y¯1pt¯, y¯4q “ α
0 “ φrx¯1`y¯1pt¯, y¯3q “ rα ´ δ “ ´δ
0 “ φrx¯1`y¯1pt¯, y¯2q “ ´rβ ´ γ “ ´γ.
Thus t¯ “ 0.
6.2.3 Algebras of type C
Here we are assuming that φz is non-degenerate for all 0 ‰ z P L2{ZpLq. Let
L be any nilpotent SAA of type C. Notice that L2{ZpLq “ L2{pL2qK naturally
becomes a 2-dimensional symplectic vector space with inherited alternating form
from L. Thus pu ` ZpLq, v ` ZpLqq “ pu, vq for u, v P L2. We pick a basis x, y
for L2{ZpLq such that px, yq “ 1 and then choose some fixed elements x1, y1 P L2
such that x “ x¯1 “ x1 ` ZpLq and y “ y¯1 “ y1 ` ZpLq. For any vector u P L{L2
we will denote by xuyK1 the subspace of L{L2 consisting of all the vectors that are
isotropic to u with respect to φx¯1 . Likewise we will denote by xuyK2 the subspace
of L{L2 consisting of all the vectors that are isotropic to u with respect to φy¯1 .
Definition 6.7. We say that a subspace of L{L2 is totally isotropic if it is isotropic
with respect to φz for all z P L2{ZpLq.
Lemma 6.8. For each 0 ‰ u P L{L2 there exists a unique totally isotropic plane
through u.
Proof. We know that xuyK1 and xuyK2 are 3-dimensional. Thus if they are not equal
then
4 “ dim pxuyK1 ` xuyK2 q “ dim xuyK1 ` dim xuyK2 ´ dim pxuyK1 X xuyK2 q.
Therefore dim pxuyK1 X xuyK2 q “ 6´ 4 “ 2. Thus the collection of all the elements
in L{L2 that are isotropic to u with respect to φz for all z P L2{ZpLq, namely
xuyK1 X xuyK2 , is a plane.
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It remains to see that xuyK1 ‰ xuyK2 . We argue by contradiction and pick a
basis u, v, w for this common subspace and add a vector t to get a basis for L{L2.
By replacing x1 by some suitable x1`αy1, we can assume that φx¯1pu, tq “ 0. But
then u is isotropic to all elements of L{L2 with respect to φx¯1 that contradicts
the assumption that φx¯1 is non-degenerate.
The alternating forms φz with z P L2{ZpLq will help us understanding the struc-
ture of algebras of type C. We will next come up with a special type of presen-
tations for algebras of type C based on the geometry arising from the family of
the auxiliary alternating forms.
Let L be an algebra of type C. As a starting point we pick two distinct to-
tally isotropic planes P1, P2 ď L{L2 and we pick some non-zero vector y¯2 on P1.
By Lemma 6.8, we have that P1 X P2 “ t0u and thus L{L2 “ P1 ‘ P2. Now
xy¯2yK1 is 3-dimensional and contains P1. Thus xy¯2yK1 X P2 is 1-dimensional and
not contained in xy¯2yK2 by Lemma 6.8. Thus there is unique vector y¯5 P P2 where







Similarly we have a unique element y¯3 P P2 such that φy¯1py¯2, y¯3q “ 0 and
φx¯1py¯2, y¯3q “ 1. By Lemma 6.8 we have xy¯5yK2 ‰ xy¯3yK2 . Thus there exists a
unique y¯4 P P1 such that φy¯1py¯4, y¯5q “ 0 and φy¯1py¯3, y¯4q “ 1. Notice also that
φx¯1py¯4, y¯5q ‰ 0 and that y¯2, y¯3, y¯4, y¯5 form a basis for L{L2. It follows from the
discussion that, for some α, β P F with β ‰ 0, we have
φx¯1py¯2, y¯3q “ 1 φy¯1py¯2, y¯3q “ 0
φx¯1py¯2, y¯4q “ 0 φy¯1py¯2, y¯4q “ 0
φx¯1py¯2, y¯5q “ 0 φy¯1py¯2, y¯5q “ 1
φx¯1py¯3, y¯4q “ α φy¯1py¯3, y¯4q “ 1
φx¯1py¯3, y¯5q “ 0 φy¯1py¯3, y¯5q “ 0
φx¯1py¯4, y¯5q “ β φy¯1py¯4, y¯5q “ 0.
(6.8)
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The matrix for the alternating form φrx¯1`sy¯1 with respect to the ordered basis
py¯2, y¯4, y¯3, y¯5q is then
r
»————–
0 0 1 0
0 0 ´α β
´1 α 0 0
0 ´β 0 0
fiffiffiffiffifl` s
»————–
0 0 0 1
0 0 ´1 0
0 1 0 0
´1 0 0 0
fiffiffiffiffifl
with determinant pβr2`αrs` s2q2. As we are dealing here with algebras of type
C this determinant must be non-zero for all pr, sq ‰ p0, 0q. Equivalently we must
have that the polynomial
t2 ` αt` β
is irreducible in Frts. Using this and (6.8) we will now obtain a full presentation
for our algebra. As before we are only left with the triples pyiyj, ykq “ rijk for
2 ď i ă j ă k ď 5. We will see that we can choose a standard basis such that
x1 ` ZpLq “ x, y1 ` ZpLq “ y and yi ` L2 “ y¯i for 2 ď i ď 5. It turns out that
we do not have to alter our basis elements x5, . . . , x2 of the center. We do this
with a change of basis of the form
x˜1 “ x1 ´ pα2x2 ` α3x3 ` α4x4 ` α5x5q,
y˜1 “ y1 ` pα2x2 ` α3x3 ` α4x4 ` α5x5q,
y˜i “ yi ` αix1 ` αiy1.
Inspection shows that the equations py˜iy˜j, y˜kq “ 0, 2 ď i ă j ă k ď 5 are
equivalent to «
´1 1























Notice that we cannot have that α ` β ` 1 “ 0 since otherwise 1 is a root of
t2`αt`β that is absurd as the polynomial is irreducible. We thus have solution
pα2, α3, α4, α5q to the equation system and we arrive at a standard basis that
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gives us the following presentation
px1y2, y3q “ 1, py1y2, y5q “ 1,
Pp4,4q10 pα, βq : px1y3, y4q “ α, py1y3, y4q “ 1,
px1y4, y5q “ β,
(6.9)
where the polynomial t2`αt`β is irreducible. Conversely, inspection shows that
any algebra with such presentation, where t2 ` αt` β is irreducible, gives us an
algebra of type C.
We next turn to the isomorphism problem. That is we want to understand
when two pairs pα, βq and pα˜, β˜q describe the same algebra. As a first step we
first prove the following lemma.
Lemma 6.9. Let x, y be elements in L2{ZpLq such that px, yq “ 1. We have that
the values of α and β remain the same for all presentations of the form Pp4,4q10 pα, βq
where, for the given standard basis, x1 ` ZpLq “ x and y1 ` ZpLq “ y.
Proof. Our method for producing α and β was based on choosing some distinct
totally isotropic planes P1, P2 and some non-zero vector y¯2 on P1. From this we
came up with a procedure that provided us with unique vectors y¯2, y¯4 P P1 and
y¯3, y¯5 P P2 from which the values α and β can be calculated as
α “ φxpy¯3, y¯4q, β “ φxpy¯4, y¯5q.
We want to show that if x1 ` ZpLq, y1 ` ZpLq are kept fixed the procedure will
always produce the same value for α and β. As a starting point we will see that
the values do not depend on which vector y¯2 from P1 we choose. We do this in
two steps. First notice that if we choose y˜2 “ ay¯2 for some 0 ‰ a P F, then the
procedure gives us the new vectors y˜3 “ 1a y¯3, y˜5 “ 1a y¯5 and y˜4 “ ay¯4 and this
gives us the values
α˜ “ φx¯1py˜3, y˜4q “ φx¯1p 1a y¯3, ay¯4q “ α,
β˜ “ φx¯1py˜4, y˜5q “ φx¯1pay¯4, 1a y¯5q “ β.
It remains to consider the change y˜2 “ y¯4 ` ay¯2. Following the mechanical
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procedure above produces the elements
y˜5 “ ´β
a2 ´ aα ` β y¯3 `
a´ α
a2 ´ aα ` β y¯5,
y˜3 “ a
a2 ´ aα ` β y¯3 `
1
a2 ´ aα ` β y¯5,
y˜4 “ ´βy¯2 ` pa´ αqy¯4.
Inspection shows that again we have φx¯1py˜3, y˜4q “ α and φx¯1py˜4, y˜5q “ β.
We have thus seen that for a given pair P1, P2 of distinct totally isotropic planes
we get unique values αpP1, P2q and βpP1, P2q not depending on which vector
y¯2 from P1 we choose for the procedure above. The next step is to see that
αpP2, P1q “ αpP1, P2q and βpP2, P1q “ βpP1, P2q. So suppose we have some
standard basis with respect to the pair P1, P2 that gives us the presentation
Pp4,4q10 pα, βq. Now consider y˜2 “ y¯5, y˜4 “ βy¯3 P P2 and y˜3 “ ´1β y¯4, y˜5 “ ´y¯2 P P1.
Inspection shows that this is standard basis for the pair P2, P1 and
αpP2, P1q “ φx¯1py˜3, y˜4q “ φx¯1p´1β y¯4, βy¯3q “ αpP1, P2q
βpP2, P1q “ φx¯1py˜4, y˜5q “ φx¯1pβy¯3,´y¯2q “ βpP1, P2q.
Now pick any totally isotropic plane P3 that is distinct from P1, P2. The aim is
to show that αpP3, P2q “ αpP1, P2q and βpP3, P2q “ βpP1, P2q. Take any basis for
P3. This must be of the form u1 ` v1, u2 ` v2 with u1, u2 P P1 and v1, v2 P P2.
Notice first that u1 ` P2, u2 ` P2 are linearly independent vectors in P1 ` P2{P2.
To see this, take a, b P F such that
P2 “ au1 ` bu2 ` P2 “ apu1 ` v1q ` bpu2 ` v2q ` P2.
Then apu1 ` v1q ` bpu2 ` v2q P P2 X P3 “ t0u. As the vectors u1 ` v1, u2 ` v2
are linearly independent it follows that a “ b “ 0. In particular we can choose
our basis for P3 to be of the form y¯2 ` u, y¯4 ` v with u, v P P2. Inspection shows
that for y˜2 “ y¯2 ` u, y˜4 “ y¯4 ` v P P3 and y¯3, y¯5 P P2 we have a standard basis
with respect to the pair P3, P2. Furthermore the corresponding parameters are
φx¯1py¯3, y˜4q “ α and φx¯1py˜4, y¯5q “ β.
We have now all the input we need to finish the proof of the lemma. Take
any four totally isotropic planes P1, P2, P3, P4 in L{L2 such that P1 ‰ P2 and
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P3 ‰ P4. If these planes are not all distinct then we get directly from the
analysis above that αpP3, P4q “ αpP1, P2q and βpP3, P4q “ βpP1, P2q. Now
suppose the planes are distinct. Then αpP3, P4q “ αpP1, P4q “ αpP1, P2q and
βpP3, P4q “ βpP1, P4q “ βpP1, P2q. This finishes the proof of the lemma.
If follows from the lemma that if we want to obtain a new presentation for some
given algebra L, then we must choose different vectors x, y for L2{ZpLq. We
thus only need to consider a change of standard basis for L of the form x˜1 “
ax1 ` by1, y˜1 “ cx1 ` dy1 where 1 “ px˜1, y˜1q “ ad ´ bc. Suppose that we have
a presentation Pp4,4q10 pα, βq with respect to some standard basis x1, y1, . . . , x5, y5
and let x˜1, y˜1 be given as above. Going again through the standard procedure
with respect to P1 “ Fy¯2 ` Fy¯4, P2 “ Fy¯3 ` Fy¯5 and y¯2 P P1 gives us the new
basis y¯2, y˜3, y˜5, y˜4 where
y˜5 “ ´by¯3 ` ay¯5
y˜3 “ dy¯3 ´ cy¯5
y˜4 “ ´αbc´ βac´ bd
βc2 ` αcd` d2 y¯2 `
1
βc2 ` αcd` d2 y¯4.
From this we can calculate the new parameters α˜ and β˜ and we obtain the
following proposition.
Proposition 6.10. Let L be a nilpotent SAA of dimension 10 with an isotropic
center of dimension 4 that is of type C. Then L has a presentation of the form
px1y2, y3q “ 1,
Pp4,4q10 pα, βq : px1y3, y4q “ α, px1y4, y5q “ β,
py1y2, y5q “ 1, py1y3, y4q “ 1,
where the polynomial t2`αt`β is irreducible in Frts. Conversely any such presen-
tation gives us an algebra of type C. Furthermore two presentations Pp4,4q10 pα, βq
and Pp4,4q10 pα˜, β˜q describe the same algebra if and only if
α˜ “ pad` bcqα ` 2acβ ` 2bd
d2 ` cdα ` c2β
β˜ “ b
2 ` abα ` a2β
d2 ` cdα ` c2β
for some a, b, c, d P F where ad´ bc “ 1.
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6.2.4 Further analysis of algebras of type C and some ex-
amples
In order to get a more transparent picture of the algebras of type C, it turns out
to be useful to consider the case when the characteristic is 2 and the case when
the characteristic is not 2 separately.
Lemma 6.11. Let L be an algebra of type C over a field F of characteristic that
is not 2. Then L has a presentation of the form Pp4,4q10 p0, βq with respect to some
standard basis.
Proof. By Proposition 6.10 we know that we can choose a standard basis for L
so that L has a presentation of the form Pp4,4q10 pα, βq with respect to this basis.
Now let a “ 0, b “ 1, c “ ´1 and d “ α{2. Then ad´ bc “ 1 and by Proposition
6.10 again we know that there is presentation for L of the form Pp4,4q10 pα˜, β˜q where
α˜ “ 0.
Proposition 6.12. Let L be a nilpotent SAA of type C over a field F of charac-
teristic that is not 2. Then L has a presentation of the form
Ppβq : px1y2, y3q “ 1, px1y4, y5q “ β, py1y2, y5q “ 1, py1y3, y4q “ 1,
where β R ´F2. Conversely any such presentation gives us an algebra of type C.
Furthermore two such presentations Ppβq and Ppβ˜q describe the same algebra if
and only if
β˜{β “ pa2 ` b2βq2
for some pa, bq P Fˆ F z tp0, 0qu.
Proof. From Lemma 6.11 we know that such a presentation exists and the poly-
nomial t2 ` β is irreducible if and only if β R ´F2. By Proposition 6.10 we then
know that Pp0, βq and Pp0, β˜q describe the same algebra if and only if there are
a, b, c, d P F such that




d2 ` c2β .
Solving these together shows that these conditions are equivalent to saying that
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for some a, b P F. As b
β
is arbitrary, the second part of the proposition follows.
Examples. (1) If F “ C then there are no algebras of type C. This holds more
generally for any field F whose characteristic is not 2 and where all elements in
F have a square root in F.
(2) Suppose F “ R. Here β R ´R2 if and only if β ą 0 in which case there
exist a P R such that β “ a4. Hence, by Proposition 6.12, Ppβq describes the
same algebra as Pp1q. This shows that there is only one algebra of type C over
R that can be given by the presentation
Pp1q : px1y2, y3q “ 1, px1y4, y5q “ 1, py1y2, y5q “ 1, py1y3, y4q “ 1.
(3) Let F be a finite field of some odd characteristic p. Suppose that |F| “ pn.
The non-zero elements form a cyclic group F˚ of order pn ´ 1 that is divisible by
2. Thus there are two cosets of pF˚q2 in F˚ and
F˚ “ ´pF˚q2 Y βpF˚q2
for some β P F˚. Suppose β˜ “ βc2 is an arbitrary field element that is not in ´F2.
As there are p|F|`1q{2 squares in F we have that the set c´F2 and βF2 intersect.
Hence there exist a, b P F such that c “ a2 ` b2β and thus β˜ “ pa2 ` b2βq2β.
Hence the situation is like in (2) and we get only one algebra with presentation
Ppβq : px1y2, y3q “ 1, px1y4, y5q “ β, py1y2, y5q “ 1, py1y3, y4q “ 1,
where β is any element not in ´F2.
Remark 6.13. Let β P F that is not in ´F2 and consider a splitting field Frγs of
the polynomial t2` β in Frts where γ2 “ ´β. So a2` b2β is the norm Npa` γbq
of a` γb that is a multiplicative function and thus
Gpβq “ tpa2 ` b2βq2 : pa, bq P Fˆ F z tp0, 0quu
is a subgroup of pF˚q2. Let S “ tβ P F : β2 R ´F2u, we now have a relation on S
given by
β˜ „ β if and only if β˜{β P Gpβq
From Proposition 6.12, we know that this is an equivalence relation. We can also
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see this directly. First notice that
pa2 ` b2βq2 “ pa2 ` pb{cq2βc2q2
for all c P F˚. Hence Gpβq “ Gpβc2q for all c P F˚. In particular we have that
Gpβ˜q “ Gpβq if β˜ „ β. Let us now see that „ is an equivalence relation. Firstly
it is reflexive as β{β “ 1 P Gpβq, the latter being a group. To see that „ is
symmetric, notice that Gpβ˜q “ Gpβq is a group and thus β˜{β P Gpβq if and only
if β{β˜ P Gpβ˜q. Finally to see that „ is transitive, let α, β, δ P S such that α „ β
and β „ δ. Then Gpαq “ Gpβq “ Gpδq and β{α, δ{β P Gpαq implies that their
product δ{α P Gpαq.
Let us now move to the case when the characteristic of F is 2. We first see that
the algebras here split naturally into two classes.
Lemma 6.14. Let L be an algebra of type C over a field F of characteristic 2.
Then L cannot have both a presentation of the form Pp4,4q10 p0, βq and Pp4,4q10 pα, γq
where α ‰ 0.
Proof. We argue by contradiction and suppose we have an algebra satisfying
both types of presentations. By Proposition 6.10 we then have 0 “ pad` bcqα “
pad´ bcqα “ α that contradicts our assumption that α ‰ 0.
For the algebras where α “ 0, the same analysis works as for algebras with
charF ‰ 2 and we get the same result as in Proposition 6.12. This leaves us with
algebras where charF “ 2 and where α ‰ 0. Notice that Proposition 6.10 tells
us here that Pp4,4q10 pα, βq and Pp4,4q10 pα˜, β˜q describe the same algebra if and only if
α˜ “ α
d2 ` cdα ` c2β
β˜ “ b
2 ` abα ` a2β
d2 ` cdα ` c2β
for some a, b, c, d P F where ad` bc “ 1.
We don’t take the analysis further but end by considering an example, the fi-
nite fields of characteristic 2. Let F be the finite field of order 2n. As a first
step we show that we can always in that case, choose our presentation such that
β “ 1. To see this take first some arbitrary α and β such that L satisfies the
presentation Pp4,4q10 pα, βq. The groups of units F˚ is here a cyclic group of odd
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order 2n ´ 1 and thus pF˚q2 “ F˚. Now pick b P F˚ such that b2 “ β{α and let
a “ 0, c “ 1{b and d “ b. Then ad` bc “ 1 and
β˜ “ b
2
b2 ` α ` β{b2 “ 1.
Thus we can assume from now on that β “ 1. Now let b P F be arbitrary and
let a “ b ` 1, c “ b and d “ b ` 1. Then ad ` bc “ 1, β˜ “ 1 and α˜ “ α
bpb`1qα`1 .
The number of such values of α˜ is 2n´1 that gives us all possible values such that
t2 ` α˜t ` 1 is irreducible (easy to count the number of reducible polynomials of
the form t2 ` ut` 1 is 2n´1). We thus conclude that there is only one algebra of
type C in this case.
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CHAPTER 7
ALGEBRAS WITH AN ISOTROPIC CENTER OF
DIMENSION 3
In this chapter we will be assuming that ZpLq is isotropic of dimension 3. First
we derive some properties that hold for these algebras. Here throughout
ZpLq “ Fx5 ` Fx4 ` Fx3
L2 “ ZpLq ` Fx2 ` Fx1 ` Fy1 ` Fy2.
Lemma 7.1. ZpLq ď L3.
Proof. Otherwise Z2pLq “ pL3qK ę ZpLqK “ L2. Without loss of generality we
can suppose that y3 P Z2pLq zL2. As Z2pLq ¨L2 “ t0u, we then have y3 ¨L2 “ t0u.
Now also x2 ¨L2 “ t0u. Let α “ px2y4, y5q and β “ py3y4, y5q. Notice that α, β ‰ 0
as x2, y3 R ZpLq. But then
ppβx2 ´ αy3qy4, y5q “ 0
that implies that βx2 ´ αy3 P ZpLq. This is absurd.
Lemma 7.2. dimL3 ě 5.
Proof. Otherwise dimL3 ď 4 and as ZpLq ď L3 ď L2 “ ZpLqK we can choose
our standard basis such that ZpLq “ Fx5 ` Fx4 ` Fx3 and
L3 ď Fx5 ` Fx4 ` Fx3 ` Fx2.
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This implies that Fx5`Fx4`Fx3`Fx2`Fx1`Fy1 ď pL3qK “ Z2pLq and (notice
that Z2pLq ď L2 as ZpLq ď L3) L2 “ Z2pLq`Fy2 that implies that L2 is abelian.
Then for any x P L2 and a, b, c P L, we have
px, abcq “ ´pxpabq, cq “ ´p0, cq “ 0
and L3 ď pL2qK “ ZpLq. Hence L3 “ ZpLq and Z2pLq “ L2. Suppose L “
Z2pLq ` Fu1 ` Fu2 ` Fu3. Then L2 “ ZpLq ` Fu1u2 ` Fu1u3 ` Fu2u3 and we get
the contradiction that 4 “ dimL2 ´ dimZpLq ď 3.
Lemma 7.3. If dimL3 “ 5, then L3 is isotropic.
Proof. Otherwise we can choose our basis such that L3 “ Fx5 ` Fx4 ` Fx3 `
Fx1 ` Fy1 and then Z2pLq “ pL3qK “ Fx5 ` Fx4 ` Fx3 ` Fx2 ` Fy2 and as
L2 ¨Z2pLq “ t0u, it follows that x1y2 “ y1y2 “ 0. Then L2 is abelian and thus we
get the contradiction that L3 ď ZpLq.
Lemma 7.4. ZpLq ď L4 .
Proof. We have seen that dimL3 ě 5. So we can choose our standard nilpotent
basis such that either
L3 “ Fx5 ` Fx4 ` Fx3 ` Fx2 ` Fx1
or
L3 “ Fx5 ` Fx4 ` Fx3 ` Fx2 ` Fx1 ` Fy1.
We consider the two cases in turn beginning with the first case. If ZpLq ę L4,
then dimZpLq X L4 ď 2 and thus dimL2 ` Z3pLq “ dim pZpLq X L4qK ě 8.
Suppose L “ L2`Z3pLq`Fu`Fv. Then L2 “ L3`Z2pLq`Fuv “ L3`Fuv and
we get the contradiction that dimL2 ď 5 ` 1 “ 6. We now turn to the second
case where L3 “ Fx5 ` Fx4 ` Fx3 ` Fx2 ` Fx1 ` Fy1. We argue by contradiction
and suppose that ZpLq X L4 ă ZpLq. Then we can choose our basis such that
L4 ď Fx5 ` Fx4 ` Fx2
and ZpLq X L4 ď Fx5 ` Fx4. Now y3 P pL4qK “ Z3pLq and as Z3pLq ¨ L3 “ t0u,
it follows that
x1y3 “ x2y3 “ y1y3 “ 0.
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It follows from this that x1y2, y1y2, y3y2 P Fx5 ` Fx4. Thus in particular these
three elements are linearly dependent and we have pαx1`βy1`γy3qy2 “ 0 where
not all of α, β, γ are zero. Then x2, αx1 ` βy1 ` γy3 commute with all the basis
elements except possibly y4 and y5. Suppose
px2y4, y5q “ r
ppαx1 ` βy1 ` γy3qy4, y5q “ s.
If r “ 0 then we get the contradiction that x2 P ZpLq and if r ‰ 0, we get the
contradiction that ´sx2 ` rαx1 ` rβy1 ` rγy3 P ZpLq.
After these more general results we classify all the algebras where ZpLq is isotropic
of dimension 3. We consider the two subcases dimL3 “ 5 and dimL3 “ 6
separately.
7.1 The algebras where dimL3 “ 5
We have seen that L3 must be isotropic and thus in particular we have that
L3 “ pL3qK “ Z2pLq that implies that L4 ď ZpLq. By Lemma 7.4 we thus have
L4 “ ZpLq. We have thus determined the terms of the lower and the upper
central series
L2 ¨ L2 x5 y5










ZpLq “ L4 “ Fx5 ` Fx4 ` Fx3
Z2pLq “ L3 “ ZpLq ` Fx2 ` Fx1
Z3pLq “ L2 “ Z2pLq ` Fy1 ` Fy2
Remark 7.5. As L2 ¨ Z2pLq “ t0u we see that x1y2 “ 0. Now L2 is not abelian
as this would imply that L3 ď ZpLq. It follows that y1y2 ‰ 0 and we get a one
dimensional characteristic subspace
L2 ¨ L2 “ Fy1y2.
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Notice that y1y2 P ZpLq. We choose our basis such that y1y2 “ x5. We will also
work with the 9 dimensional characteristic subspace
V “ pL2 ¨ L2qK “ Fx5 ` Fx4 ` Fx3 ` Fx2 ` Fx1 ` Fy1 ` Fy2 ` Fy3 ` Fy4.
As x1y2 “ 0 we have that x1y3, x1y4 K y2. As y1y2 “ x5 we also have that
y1y3, y1y4 K y1, y2 and y2y3, y2y4 K y1, y2. It follows that
V 2 ` L4 “ pL2 ` Fy3 ` Fy4qpL2 ` Fy3 ` Fy4q ` L4 “ Fy3y4 ` L4.
We consider few subcases.
7.1.1 Algebras where V 2 ď L4
Notice then that y3y4 P Fx5 and thus x1y3, x2y3, x1y4, x2y4 P Fx5. As L3 “
L4 ` Fx2 ` Fx1, we have
L4 “ pFx2 ` Fx1qpFy3 ` Fy4 ` Fy5q “ Fx5 ` Fx2y5 ` Fx1y5.
Pick x5, y5, x2, x1, y1 satisfying the conditions above and let
x4 “ ´x2y5, x3 “ ´x1y5
We can then extend x5, x4, x3, y1, y2, y5 to a standard basis x5, x4, x3, x2, x1, y1, y2,
y3, y4, y5 satisfying the conditions above. All triples involving both x1 and y2 are
0. The remaining ones are
px1y3, y5q “ 1 px1y3, y4q “ 0 px1y4, y5q “ 0
px2y3, y4q “ 0 px2y3, y5q “ 0 px2y4, y5q “ 1
py1y2, y3q “ 0 py1y2, y4q “ 0 py1y2, y5q “ 1
py2y3, y4q “ 0 py2y3, y5q “ α py2y4, y5q “ β
py1y3, y4q “ 0 py1y3, y5q “ γ py1y4, y5q “ δ
py3y4, y5q “ r
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Now let
y˜3 “ y3 ` αy1 ´ γy2 ´ sx2 ´ sγx3 ´ sδx4
y˜4 “ y4 ` βy1 ´ δy2
x˜1 “ x1 ´ αx3 ´ βx4
x˜2 “ x2 ` γx3 ` δx4
y˜2 “ y2 ´ sx3
where s “ r`αδ´βγ. One checks readily that we get a new standard basis with
a presentation like the one above where α˜ “ β˜ “ γ˜ “ δ˜ “ r˜ “ 0.
So we arrive at a unique algebra with presentation
px1y3, y5q “ 1
Pp3,1q10 : px2y4, y5q “ 1
py1y2, y5q “ 1.
One can check that the center has dimension 3 and that L3 has dimension 5.
Also ppL2 ¨ L2qKq2 “ Fx5 ď L4.
7.1.2 Algebras where V 2 ę L4 but V 2 ď L3
Here we can pick our basis such that
V 2 ` L4 “ Fx5 ` Fx4 ` Fx3 ` Fx2.
Notice that V 3 “ Fx2y3`Fx2y4 and as py3y4, x2q “ 0 we have that V 3 ď Fx5. As
x2 R ZpLq, we furthermore must have that dimV 3 “ 1. This means that there
is a characteristic ideal W of codimension 1 in V such that x2W “ V 2W “ t0u.
We choose our basis such that
W “ Fx5 ` Fx4 ` Fx3 ` Fx2 ` Fx1 ` Fy1 ` Fy2 ` Fy3.
It follows that we have a chain of characteristic ideals :
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L2 ¨ L2 x5 y5
WK x4 y4 V
ZpLq “ L4 x3 y3 W
V 2 ` L4 x2 y2 Z3pLq “ L2
Z2pLq “ L3 x1 y1 pV 2qK X L2
L2 ¨ L2 “ Fx5
WK “ Fx5 ` Fx4
ZpLq “ L4 “ Fx5 ` Fx4 ` Fx3
V 2 ` L4 “ Fx5 ` Fx4 ` Fx3 ` Fx2
Z2pLq “ L3 “ ZpLq ` Fx2 ` Fx1
pV 2qK X L2 “ L3 ` Fy1
Z3pLq “ L2 “ Z2pLq ` Fy1 ` Fy2
W “ L3 ` Fy1 ` Fy2 ` Fy3
V “ L3 ` Fy1 ` Fy2 ` Fy3 ` Fy4
We want to show that there is again a unique algebra satisfying these conditions.
We modify the basis and reach a unique presentation. Notice that V 2W “ t0u
and L2 ¨ Z2pLq “ t0u imply that
x1y2 “ x2y3 “ 0.
We have also chosen our basis such that
y1y2 “ x5. (7.1)
Notice next that x2y3 “ 0 implies that x2y4 is orthogonal to y3 and y4 and thus




x4, we can assume that
x2y4 “ x5. (7.2)
As y3y4 P V 2 ď L3 and as x1y2 “ 0 we have that x1y4 is orthogonal to y2, y3, y4.
Thus x1y4 “ αx5 for some α P F. Replacing x1, y2 by x1 ´ αx2 and y2 ` αy1 we
get a new standard basis where
x1y4 “ 0. (7.3)
Notice that the change in y2 does not affect (7.1). We next turn our attention to
x1y3. As x1y2 “ 0 and x1y4 “ 0, we have that x1y3 is orthogonal to y1, y2, y3, y4
and thus x1y3 “ rx5 where r is nonzero since x1 R ZpLq. Be replacing y3 and x3
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x1y3 “ x5. (7.4)
Now we see, as y1y2 “ x5 and y3y4 P L4` V 2, that y1y3 is orthogonal to y1, y2, y3
and y4. Thus y1y3 “ ax5 for some a P F. Replacing y1 by y1´ax1 we can assume
that
y1y3 “ 0. (7.5)
As x1y2 “ 0 the change in y1 does not affect (7.1). From the discussion above
we know that y1y4 is orthogonal to y1, y2, y3 and y4 and thus y1y4 “ ax5 for some
a P F. Replacing y4, x2 by y4 ´ ay2, x2 ` ax4, we get a new standard basis where
y1y4 “ 0. (7.6)
These changes do not affect (7.2) and (7.3). As y3y4 P V 2 ` L4 but not in L4 we
know that py2y3, y4q “ r for some nonzero r P F. Suppose also that py3y4, y5q “ α.
Then y3y4 “ rx2 ` αx5. Replace x2 and y5 by x2 ` αr x5 and y5 ´ αr y2. Then
y3y4 “ rx2. (7.7)
The changes do not affect (7.2). Then consider the triples
py2y3, y5q “ a, py2y4, y5q “ b.
Replacing y5, x4, x3 by y5´ ary4` bry3, x4` arx5 and x3´ brx5 we can assume that
py2y3, y5q “ py2y4, y5q “ 0. (7.8)
We have then arrived at a presentation where the only nonzero triples are
px2y4, y5q “ 1, px1y3, y5q “ 1, py1y2, y5q “ 1, py2y3, y4q “ r.
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a unique algebra with presentation:
px2y4, y5q “ 1
Pp3,2q10 : px1y3, y5q “ 1
py1y2, y5q “ 1
py2y3, y4q “ 1.
One can easily check that conversely this algebra belongs to the category that we
have been studying.
7.1.3 Algebras where V 2 ď L2 but V 2 ę L3
Pick our basis such that
V 2 ` L4 “ Fx5 ` Fx4 ` Fx3 ` Fy1
Notice then that
Fx5 ` Fx4 ` Fx3 ` Fx2 “ pV 2 ` L4qK X L3 “ pV 2qK X L3
is a characteristic ideal of L. As y3y4 P V 2 ` L4 we have that x2y3 K y4 and
x2y4 K y3. Thus x2V ď Fx5. As x2 R ZpLq, we must furthermore have that
x2V “ ppV 2qKXL3qV “ Fx5. This implies that the centraliser of pV 2qKXL3 in V
is a characteristic ideal W of codimension 1. We can choose our basis such that
W “ Fx5 ` Fx4 ` Fx3 ` Fx2 ` Fx1 ` Fy1 ` Fy2 ` Fy3.
We now get a chain of characteristic ideals as before
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L2 ¨ L2 x5 y5
WK x4 y4 V
ZpLq “ L4 x3 y3 W
pV 2qK X L3 x2 y2 Z3pLq “ L2
Z2pLq “ L3 x1 y1 V 2 ` L3
L2 ¨ L2 “ Fx5
WK “ Fx5 ` Fx4
ZpLq “ L4 “ Fx5 ` Fx4 ` Fx3
pV 2qK X L3 “ Fx5 ` Fx4 ` Fx3 ` Fx2
Z2pLq “ L3 “ ZpLq ` Fx2 ` Fx1
V 2 ` L3 “ L3 ` Fy1
Z3pLq “ L2 “ Z2pLq ` Fy1 ` Fy2
W “ L3 ` Fy1 ` Fy2 ` Fy3
V “ L3 ` Fy1 ` Fy2 ` Fy3 ` Fy4
As ppV 2qK X L3qW “ t0u and L2 ¨ Z2pLq “ t0u, we see that
x1y2 “ x2y3 “ 0.
We have also chosen our basis such that
y1y2 “ x5. (7.9)
Notice next that x2y3 “ 0 implies that x2y4 is orthogonal to y3 and y4 and thus




x4, we can assume that
x2y4 “ x5. (7.10)
As y3y4 P V 2 ` L4 and y1y2 “ x5, we have that y1y4 is orthogonal to y2, y3, y4.
Thus y1y4 “ ax5 for some a P F. Replacing y4, x2 by y4 ´ ay2 and x2 ` ax4 we
get
y1y4 “ 0. (7.11)
Notice that the change does not affect (7.10). Next notice similarly that y1y3 is
orthogonal to y2, y3, y4 and thus y1y3 “ ax5 for some a P F. Replacing y3 and x2
by y3 ´ ay2 and x2 ` ax3 we get
y1y3 “ 0. (7.12)
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Notice that (7.11) is not affected by this change. We know that x1y2 “ 0. The
possible nonzero triples involving x1 are then
px1y3, y4q “ r, px1y3, y5q “ a, px1y4, y5q “ b.
Notice that as y3y4 P pZpLq ` Fy1q zZpLq we must have that r ‰ 0. Replace
y5, x4, x3 by y5 ´ ary4 ` bry3, x4 ` arx5 and x3 ´ brx5 and we get a new standard
basis where
x1y3 “ rx4, x1y4 “ ´rx3.




x1y3 “ x4, x1y4 “ ´x3. (7.13)
It follows that py2y3, y4q “ py3y4, y5q “ 0. Suppose py2y3, y5q “ a, py2y4, y5q “ b.
Replace y3, y4, x1 by y3 ` ay1, y4 ` by1 and x1 ´ ax3 ´ bx4. Notice that these
changes do not affect the equations above and we now arrive at a unique algebra
with presentation:
px2y4, y5q “ 1
Pp3,3q10 : px1y3, y4q “ 1
py1y2, y5q “ 1.
Calculations show that conversely this algebra belongs to the relevant category.
There are thus exactly three algebras where ZpLq is isotropic of dimension 3 and
where the dimension of L3 is 5.
Proposition 7.6. There are exactly three nilpotent SAA’s of dimension 10 that
have an isotropic center of dimension 3 and where dimL3 “ 5. These are given
by the presentations:
Pp3,1q10 : px2y4, y5q “ 1, px1y3, y5q “ 1, py1y2, y5q “ 1.
Pp3,2q10 : px2y4, y5q “ 1, px1y3, y5q “ 1, py1y2, y5q “ 1, py2y4, y3q “ 1.
Pp3,3q10 : px2y4, y5q “ 1, px1y3, y4q “ 1, py1y2, y5q “ 1.
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7.2 The algebras where dimL3 “ 6
Here we are thus assuming that
L3 “ Fx5 ` Fx4 ` Fx3 ` Fx2 ` Fx1 ` Fy1.
Lemma 7.7. We have dimL4 “ 4.
Proof. By Lemma 7.4, we know that ZpLq ď L4 and we also have that L4 ď
Fx5 ` Fx4 ` Fx3 ` Fx2. Thus if the dimension of L4 is not 4, then L4 “ ZpLq “
Fx5 ` Fx4 ` Fx3 and Z3pLq “ pL4qK “ L3 ` Fy2. As Z3pLq ¨ L3 “ t0u, it follows
that x1y2 “ y1y2 “ 0 and L2 is abelian. Hence we get the contradiction that
L3 ď ZpLq.
It follows that we have L4 “ Fx5 ` Fx4 ` Fx3 ` Fx2.
Lemma 7.8. We have dimL5 “ 2.
Proof. We have an alternating form
φ : L{L2 ˆ L{L2 ÝÑ F
given by φpy¯, z¯q “ px2y, zq. As L{L2 has odd dimension we know that the
isotropic part must be non-trivial. Thus we can then choose our standard ba-
sis such that px2y3, y4q “ px2y3, y5q “ 0 and thus x2y3 “ 0. It follows that
L5 “ Fx2py3 ` y4 ` y5q “ Fx2y4 ` Fx2y5 and thus of dimension at most 2.
As L4 ę ZpLq we have dimL5 ą 0 and as we know by Proposition 3.10 that
dimL5 ‰ 1 we must have that dimL5 “ 2.
We thus have determined the lower and upper central series of L. We have
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ZpLq x3 y3 Z4pLq
L4 “ Z2pLq x2 y2 L2
x1 y1 L
3 “ Z3pLq
L5 “ Fx5 ` Fx4
ZpLq “ Fx5 ` Fx4 ` Fx3
Z2pLq “ L4 “ Fx5 ` Fx4 ` Fx3 ` Fx2
Z3pLq “ L3 “ ZpLq ` Fx2 ` Fx1 ` Fy1
L2 “ L3 ` Fy2
Z4pLq “ L3 ` Fy2 ` Fy3
Notice that x2 P L4 and y3 P Z4pLq and thus x2y3 “ 0. Also
L3L2 “ Fx1y2 ` Fy1y2 ď ZpLq.
Furthermore x1y2 and y1y2 are linearly independent. To see this we argue by
contradiction and suppose that 0 “ ax1y2 ` by1y2 for some a, b P F where not
both a, b are zero. Then pax1`by1qL ď ZpLq that would give us the contradiction
that ax1 ` by1 P Z2pLq.
We thus have that L3L2 is a 2-dimensional subspace of ZpLq and we consider
two possible cases namely L3L2 “ L5 and L3L2 ‰ L5. We consider the latter
first.
7.2.1 Algebras where L3 ¨ L2 ‰ L5
Here L3L2 X L5 is one dimensional and we can choose our standard basis such
that L3L2 X L5 “ Fx5. In order to clarify the structure further we introduce the
following isotropic characteristic ideal of dimension 5:
U “ tx P L3 : xL2 ď L3L2 X L5u.
Now L3L2 is of dimension 2 and L4L2 “ 0 and thus U is of codimension 1 in
L3 and contains L4. We can thus choose our standard basis such that U “
Fx5 ` Fx4 ` Fx3 ` Fx2 ` Fx1. We thus have the following picture
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L5 X L3L2 x5 y5
L5 x4 y4 pL5 X L3L2qK
ZpLq x3 y3 Z4pLq
L4 “ Z2pLq x2 y2 L2
U x1 y1 L
3 “ Z2pLq
Notice that UZ4pLq “ Fx1y2 ` Fx1y3 “ Fx5 ` Fx1y3, where x1y3 P L5. Again we
consider two possible cases.
I. Algebras where UZ4pLq is 1-dimensional
Here UZ4pLq “ x1Z4pLq “ Fx5 and there is a characteristic subspace V of
codimension 1 in Z4pLq that contains L3 given by the formula
V “ tx P Z4pLq : Ux “ 0u.
We can then choose our standard basis such that
V “ L3 ` Fy3 “ U ` Fy1 ` Fy3.
Notice that in particular x1y3 “ 0. From this we also get a 1-dimensional
characteristic subspace V 2 “ Fy1y3. Notice that py1y3, y2q ‰ 0 as otherwise
y1y2 P L5 X L3L2 that contradicts our assumption that L3L2 ‰ L5. Thus
y1y3 P L4 zZpLq and we can choose our standard basis such that Fy1y3 “ Fx2.
In fact it is not difficult to see that with the data we have acquired so far we can
choose our standard basis such that
x1y2 “ x5, y1y2 “ x3, x1y3 “ 0, y1y3 “ ´x2. (7.14)
This deals with all triple values apart from
px1y4, y5q “ a, py2y3, y4q “ c, py2y4, y5q “ e, px2y4, y5q “ r,
py1y4, y5q “ b, py2y3, y5q “ d, py3y4, y5q “ f,
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Notice that r ‰ 0 as x2y3 “ 0 but x2 R ZpLq. We will show that we can choose a
new standard basis so that the values of a “ b “ c “ d “ e “ f “ 0 and r “ 1.
First by replacing x2, x1, y4 by x2 ` ax4, x1 ` cx4, y4 ´ ay2 ´ cy1 we can assume
that a “ c “ 0, that is
px1y4, y5q “ 0, py2y3, y4q “ 0. (7.15)
Inspection shows that (7.14) still holds under these changes. Next replacing y1, y2
by y1 ´ pb{rqx2, y2 ´ pb{rqx1 we can assume that b “ 0 and thus
py1y4, y5q “ 0. (7.16)
Again (7.14) and (7.15) are not affected by the changes. We continue in this
manner always making sure that the previously established identities still hold.
We first replace x1, y2, y5 by x1 ` dx5, y2 ´ pe{rqx2, y5 ´ dy1 that gives
py2y3, y5q “ 0, py2y4, y5q “ 0, (7.17)
then replace y2, y3 by y2 ´ pf{rqx3, y3 ´ pf{rqx2 that gives furthermore that
py3y4, y5q “ 0. (7.18)
Finally replacing x4, y4 by rx4, p1{rqy4 gives us a presentation with r “ 1. Thus
we have that we get a unique algebra.
Proposition 7.9. There is a unique nilpotent SAA L of dimension 10 with an
isotropic center of dimension 3 and where dimL3 “ 6 that has the further prop-
erties that L3L2 ‰ L5 and dimUZ4pLq “ 1. This algebra is given by the presen-
tation
Pp3,4q10 : px1y2, y5q “ 1, py1y2, y3q “ 1, px2y4, y5q “ 1.
Remark 7.10. As before, inspection shows that the algebra with the presentation
above satisfies all the properties listed.
II. Algebras where UZ4pLq is 2-dimensional
Here we can pick our standard basis such that UZ4pLq “ Fx5 ` Fx4. As L3L2 ‰
L5 we know that py1y2, y3q ‰ 0 and from this one sees that L3Z4pLq “ L4.
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Furthermore it is not difficult to see that we can choose our standard basis such
that
x1y2 “ x5, x1y3 “ x4, y1y2 “ x3, y1y3 “ ´x2. (7.19)
In order to clarify the structure further we are only left with the triple values
px1y4, y5q “ a, py2y3, y4q “ c, py2y4, y5q “ e, px2y4, y5q “ r,
py1y4, y5q “ b, py2y3, y5q “ d, py3y4, y5q “ f,
We show as before that one can change the basis such that a “ b “ c “ d “ e “
f “ 0 and r “ 1. First we replace x1, y2 by x1 ´ pa{rqx2, y2 “ y2 ` pa{rqy1 that
gives furthermore
px1y4, y5q “ 0, (7.20)
and then we replace y1, y2 by y1 ´ pb{rqx2, y2 ´ pb{rqx1 that gives
py1y4, y5q “ 0. (7.21)
Next we replace x1, y4, y5 by x1 ` cx4 ` dx5, y4 ´ cy1, y5 ´ dy1 that allows us to
further assume that
py2y3, y4q “ 0, py2y3, y5q “ 0 (7.22)
and then y2, y3 by y2 ´ pe{rqx2 ´ pf{rqx3, y3 ´ pf{rqx2 that gives
py2y4, y5q “ 0, py3y4, y5q “ 0. (7.23)
Finally changing x2, x3, x4, x5, y2, y3, y4, y5 by p1{rqx2, rx3, p1{rqx4, rx5, ry2, p1{rqy3,
ry4, p1{rqy5 gives us px2y4, y5q “ 1 and thus we see again that we have a unique
algebra.
Proposition 7.11. There is a unique nilpotent SAA L of dimension 10 with
an isotropic center of dimension 3 and where dimL3 “ 6 that has the further
properties that L3L2 ‰ L5 and dimUZ4pLq “ 2. This algebra can be given by the
presentation
Pp3,5q10 : px1y2, y5q “ 1, py1y2, y3q “ 1, px1y3, y4q “ 1, px2y4, y5q “ 1.
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ZpLq x3 y3 Z4pLq
L4 “ Z2pLq x2 y2 L2
x1 y1 L
3 “ Z3pLq
L5 “ Fx5 ` Fx4
ZpLq “ Fx5 ` Fx4 ` Fx3
Z2pLq “ L4 “ Fx5 ` Fx4 ` Fx3 ` Fx2
Z3pLq “ L3 “ ZpLq ` Fx2 ` Fx1 ` Fy1
L2 “ L3 ` Fy2
Z4pLq “ L3 ` Fy2 ` Fy3
Here we are assuming that L5 “ L3L2 “ Fx1y2`Fy1y2 and thus in particular we
know that x1y2, y1y2 is a basis for L
5. We will now introduce some linear maps
that will help us in understanding the structure. Consider first the linear maps
φ : L3{L4 ÝÑ L5, u¯ “ u` L4 ÞÝÑ u ¨ y2
ψ : L3{L4 ÝÑ L5, u¯ “ u` L4 ÞÝÑ u ¨ y3.
As L4Z4pLq “ t0u, these maps are well defined. As L3L2 “ L5 we also know that
φ is bijective. We thus have the linear map
τ “ ψφ´1 : L5 ÝÑ L5.
It is the map τ that will be our key towards understanding the structure of the
algebra.
Lemma 7.12. The minimal polynomial of τ “ ψφ´1 must be of degree 2.
Proof. We argue by contradiction and suppose that τ “ λid. Replacing y3, x2 by
y3 ´ λy2, x2 ` λx3 gives us a new standard basis where τ “ 0. Pick our standard
basis such that x¯1 “ x1 ` L4 “ φ´1px4q and y¯1 “ y1 ` L4 “ φ´1px5q. We then
have
x1y2 “ x4, y1y2 “ x5, x1y3 “ 0, y1y3 “ 0.
Now y2y3 K x1, y1, y2, y3 and thus
y2y3 “ ax4 ` bx5
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for some a, b P F. Replacing y3 by y3`ax1`by1, x1 by x1´bx3 and y1 by y1`ax3,
we can assume that y2y3 “ 0.
Now suppose that py3y4, y5q “ a and px2y4, y5q “ b. Notice that b ‰ 0 as
x2 R ZpLq and x2y3 “ 0. Replace y3, y2 by y3´pa{bqx2, y2´pa{bqx3 and we get a
new standard basis where all the previous identities hold but also py3y4, y5q “ 0.
We thus get the contradiction that y3 P ZpLq.
Notice next that if we have an alternative standard basis x˜1, x˜2, . . . , y˜5, then
y˜2 “ cy2 ` u and y˜3 “ ay3 ` by2 ` v where a, c ‰ 0 and where u, v P L3. If the
minimal polynomial of τ with respect to the old basis is fptq then the minimal
polynomial with respect to the new basis is a multiple of fppc{aqpt ´ pb{cqq. In
particular we have the following possible distinct scenarios that do not depend
on what standard basis we choose.
A. The minimal polynomial of τ has two distinct roots in F.
B. The minimal polynomial of τ has a double root in F.
C. The minimal polynomial of τ is irreducible in Frts.
7.3.1 Algebras of type A.
Suppose the two distinct roots of the minimal polynomial of τ “ ψφ´1 are λ and




Replacing y3, x2 by y3´λy2, x2`λx3 we see that ψφ´1px4q “ 0 and we can assume
that λ “ 0. Then replace y3, x3 by p1{µqy3, µx3 and we get that ψφ´1px5q “ x5
and we can now assume that µ “ 1.
We would like to pick our standard basis such that x¯1 “ x1 ` L4 “ φ´1px4q
and y¯1 “ y1`L4 “ φ´1px5q . The only problem here is that we need px1, y1q “ 1
but this can be easily arranged. If px1, y1q “ σ then we just need to replace
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y1, x5, y5 by p1{σqy1, p1{σqx5, σy5. We have thus seen that we can choose our
standard basis such that
x1y2 “ x4, y1y2 “ x5, x1y3 “ 0, y1y3 “ x5. (7.24)
Recall also that x2y3 “ 0 since L4Z4pLq “ 0. In order to fully determine the
structure of the algebra we are only left with the following triple values
px1y4, y5q “ a, py2y3, y4q “ c, py2y4, y5q “ e, px2y4, y5q “ r,
py1y4, y5q “ b, py2y3, y5q “ d, py3y4, y5q “ f.
Notice that r ‰ 0 as x2y3 “ 0 but x2 R ZpLq. We will show that we can choose
our basis such that a “ b “ c “ d “ e “ f “ 0. First replace x1, y1, y2 by
x1 ´ pa{rqx2, y1 ´ pb{rqx2, y2 ` pa{rqy1 ´ pb{rqx1 and we see that we can assume
that a “ b “ 0, that is
px1y4, y5q “ py1y4, y5q “ 0. (7.25)
Inspection shows that (7.24) remains same under these changes. Then replacing
x1, y1, y3 by x1 ´ dx3, y1 ` cx3, y3 ` cx1 ` dy1 we can furthermore assume that
py2y3, y4q “ py2y3, y5q “ 0. (7.26)
Finally replacing x1, y2, y3, y4 by x1´ex4, y2´ppf´eq{rqx3, y3´ppf´eq{rqx2, y4`
ey1 and we can also assume that
py2y4, y5q “ py3y4, y5q “ 0. (7.27)
We have thus seen that L has a presentation of the form Pp3,6q10 prq as described in
the next proposition.
Proposition 7.13. Let L be a nilpotent SAA of dimension 10 with an isotropic
center of dimension 3 that has the further properties that dim L3 “ 6, L3L2 “ L5
and L is of type A. Then L has a presentation of the form
Pp3,6q10 prq : px2y4, y5q “ r, px1y2, y4q “ 1, py1y2, y5q “ 1, py1y3, y5q “ 1
where r ‰ 0. Furthermore the presentations Pp3,6q10 prq and Pp3,6q10 psq describe the
same algebra if and only if s{r P pF˚q3.
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Proof. We have already seen that all such algebras have a presentation of the form
Pp3,6q10 prq for some 0 ‰ r P F. Straightforward calculations show that conversely
any algebra with such a presentation has the properties stated in the Proposi-
tion. It remains to prove the isomorphism property. To see that the property
is sufficient, suppose that we have an algebra L with presentation Pp3,6q10 prq with
respect to some given standard basis. Let s be any element in F˚ such that
s{r “ b3 P pF˚q3. Replace the basis with a new standard basis x˜1, . . . , y˜5 where
x˜1 “ x1, y˜1 “ y1, x˜2 “ bx2, y˜2 “ p1{bqx2, x˜3 “ bx3, y˜3 “ p1{bqy3, x˜4 “
p1{bqx4, y˜4 “ by4, x˜5 “ p1{bqx5, y˜5 “ by5. Direct calculations show that L has
presentation Pp3,6q10 psq with respect to the new basis.
It remains to see that the property is necessary. Consider again an algebra L
with presentation Pp3,6q10 prq and suppose that L has also a presentation Pp3,6q10 psq
with respect to some other standard basis x˜1, ¨ ¨ ¨ , y˜5. We want to show that
s{r P pF˚q3. We know that L “ Fy˜5 ` Fy˜4 ` Z4pLq “ Fy5 ` Fy4 ` Z4pLq. Thus
y˜4 “ ay4 ` by5 ` u
y˜5 “ cy4 ` dy5 ` v
for some u, v P Z4pLq and a, b, c, d P F where ad ´ bc ‰ 0. As L3L2 “ L5 K
Z4pLq and as Z4pLqL4 “ 0 we have pZ4pLqL2, L3q “ pZ4pLqL,L4q “ 0 and thus
Z4pLqL2 ď pL3qK “ L4 and Z4pLqL ď pL4qK “ L3. It follows that
y˜4y˜5y˜5 “ pay4 ` by5qpcy4 ` dy5qpcy4 ` dy5q ` w
y˜5y˜4y˜4 “ pcy4 ` dy5qpay4 ` by5qpay4 ` by5q ` z
for some w, z P L4. Using the fact that pL4, L3q “ 0, as L6 “ 0, we then see that
s2 “ py˜4y˜5y˜5, y˜5y˜4y˜4q “ r2pad´ bcq3.
Hence s{r P pF˚q3.
Remark 7.14. Notice that it follows that we have only one algebra if pF˚q3 “ F˚.
This includes all fields that are algebraically closed as well as R. For a finite field
of order pn there are 3 algebras if 3|pn ´ 1 but otherwise one. For Q there are
infinitely many algebras.
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7.3.2 Algebras of type B
Suppose that the double root of the minimal polynomial of τ “ ψφ´1 is λ. We
can then have a basis x4, x5 for L
5 such that
ψφ´1px4q “ λx4
ψφ´1px5q “ λx5 ` x4.
If we replace y3, x2 by y3´λy2, x2`λx3 then we can furthermore assume that λ “
0. We want to pick our standard basis such that x¯1 “ x1`L4 “ φ´1px4q and y¯1 “
y1 ` L4 “ φ´1px5q. Again the only problem is to arrange for px1, y1q “ 1. But if
px1, y1q “ σ then we replace x5, x3, y1, y3, y5 by p1{σqx5, p1{σqx3, p1{σqy1, σy3, σy5
and that gives px1, y1q “ 1. We have thus seen that we can choose our standard
basis such that
x1y2 “ x4, y1y2 “ x5, x1y3 “ 0, y1y3 “ x4. (7.28)
As before we have furthermore x2y3 “ 0 and we are only left with the following
triple values
px1y4, y5q “ a, py2y3, y4q “ c, py2y4, y5q “ e, px2y4, y5q “ r,
py1y4, y5q “ b, py2y3, y5q “ d, py3y4, y5q “ f.
Notice that r ‰ 0 as x2y3 “ 0 but x2 R ZpLq. We will show that we can choose
a new standard basis so that all the other values are zero. First by replacing
x1, y1, y2 by x1´pa{rqx2, y1´pb{rqx2, y2`pa{rqy1´pb{rqx1, we can assume that
a “ b “ 0. That is
px1y4, y5q “ py1y4, y5q “ 0. (7.29)
These changes do not affect (7.28). Then replace x1, y1, y3 by x1 ´ dx3, y1 `
cx3, y3 ` cx1 ` dy1 we can furthermore assume that
py2y3, y4q “ py2y3, y5q “ 0. (7.30)
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Finally replacing x1, y4, y5 by x1 ´ ex4 ` fx5, y4 ` ey1, y5 ´ fy1 further allows us
to assume that
py2y4, y5q “ py3y4, y5q “ 0. (7.31)
We thus arrive at a presentation of the form Pp3,7q10 prq as given in the next propo-
sition
Proposition 7.15. Let L be a nilpotent SAA of dimension 10 with an isotropic
center of dimension 3 that has the further properties that dimL3 “ 6, L3L2 “ L5
and L is of type B. Then L has a presentation of the form
Pp3,7q10 prq : px2y4, y5q “ r, px1y2, y4q “ 1, py1y2, y5q “ 1, py1y3, y4q “ 1
where r ‰ 0. Furthermore the presentations Pp3,7q10 prq and Pp3,7q10 psq describe the
same algebra if and only if s{r P pF˚q3.
Proof. Similar to the proof of Proposition 7.13.
7.3.3 Algebras of type C
It turns out to be useful to consider the cases charF ‰ 2 and charF “ 2 separately.
a. The algebras where char F ‰ 2
Suppose the minimal polynomial of τ “ ψφ´1 is t2 ` at` b with respect to some
y2, y3. Replacing y3 by y3 ` pa{2qy2, one gets a minimal polynomial of the form
t2 ´ s with s R F2.
Remark 7.16. Let y˜3 “ αy3 ` u where α ‰ 0 and u P L2. For the minimal
polynomial of τ to have trivial linear term we must have u P L3. Thus Fy3 ` L3
is a characteristic subspace of L.
Pick any 0 ‰ x5 P L5 and let x4 “ ψφ´1px5q. Then ψφ´1px4q “ sx5. We want
to pick our standard basis such that φ´1px4q “ x1 ` L4, φ´1px5q “ y1 ` L4.
For this to work out we need px1, y1q “ 1. Again this can be easily arranged.
If px1, y1q “ σ, then we replace x5, y1, y3 by p1{σqx5, p1{σqy1, σy3 and we get
px1, y1q “ 1 and ψφ´1px4q “ pσ2sqx5. We have thus seen that we can choose our
standard basis such that
x1y2 “ x4, y1y2 “ x5, x1y3 “ sx5, y1y3 “ x4 (7.32)
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for some s R F2. In order to clarify the structure further we are only left with the
following triple values
px1y4, y5q “ a, py2y3, y4q “ c, py2y4, y5q “ e, px2y4, y5q “ r,
py1y4, y5q “ b, py2y3, y5q “ d, py3y4, y5q “ f.
Notice that r ‰ 0 as x2y3 “ 0 but x2 R ZpLq. We will show that the remaining
values are zero. First by replacing x1, y1, y2 by x1 ´ pa{rqx2, y1 ´ pb{rqx2, y2 `
pa{rqy1 ´ pb{rqx1 we can assume that a “ b “ 0, that is
px1y4, y5q “ py1y4, y5q “ 0. (7.33)
These changes do not affect (7.32). Next replace x1, y1, y3 by x1´dx3, y1`cx3, y3`
cx1 ` dy1 we see that we can further assume that
py2y3, y4q “ py2y3, y5q “ 0. (7.34)
Finally replacing x1, y4, y5 by x1´ex4`fx5, y4`ey1, y5´fy1 we can also assume
that
py2y4, y5q “ py3y4, y5q “ 0. (7.35)
Thus L has a presentation of the form Pp3,8q10 pr, sq as described in the next propo-
sition.
Proposition 7.17. Let L be a nilpotent SAA of dimension 10 over a field of
characteristic that is not 2 that has an isotropic center of dimension 3. Suppose
also that L has the further properties that dimL3 “ 6, L3L2 “ L5 and L is of
type C. Then L has a presentation of the form
Pp3,8q10 pr, sq : px2y4, y5q “ r, px1y3, y5q “ s, px1y2, y4q “ 1, py1y2, y5q “ 1,
py1y3, y4q “ 1
where r ‰ 0 and s R F2. Furthermore the presentations Pp3,8q10 pr˜, s˜q and Pp3,8q10 pr, sq
describe the same algebra if and only if r˜
r
P pF˚q3 and s
s˜
P Gpsq where Gpsq “
tpx2 ´ y2sq2 : px, yq P Fˆ F z tp0, 0quu.
Proof. We have already seen that any such algebra has a presentation of the given
form. Direct calculations show that an algebra with a presentation Pp3,8q10 pr, sq
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has the properties stated. We turn to the isomorphism property. To see that
the condition is sufficient, suppose we have an algebra L that has presentation







“ rpb{βq2 ´ spa{βq2s2 for some pa, bq P F ˆ F z tp0, 0qu. Consider a
new standard basis
x˜1 “ pα{β2qpbx1 ` asy1q, y˜1 “ p1{βqpby1 ` ax1q,
x˜2 “ p1{βqx2, y˜2 “ βy2,
x˜3 “ p1{αqx3, y˜3 “ αy3,
x˜4 “ pα{βqpbx4 ` asx5q, y˜4 “ p1{β2qpby4 ´ ay5q,
x˜5 “ ax4 ` bx5, y˜5 “ pα{β3qpby5 ´ asy4q,
where α “ β3
b2´a2s . Calculations show that L has then presentation Pp3,8q10 pr˜, s˜q
with respect to the new standard basis.
It remains to see that the conditions are also necessary. Consider an algebra L
with presentation Pp3,8q10 pr, sq with respect to some standard basis x1, y1, . . . , x5, y5.
Take some arbitrary new standard basis x˜1, y˜1, . . . , x˜5, y˜5 such that L satisfies the
presentation Pp3,8q10 pr˜, s˜q with respect to the new basis for some 0 ‰ r˜ P F and
s˜ R F2. Notice that
x˜5 “ ax4 ` bx5
y˜2 “ βy2 ` u
y˜3 “ γy3 ` v,
such that u, v P L3 and 0 ‰ α, β P F. The reader can convince himself that
r˜{r P pF˚q3 and s{s˜ P Gpsq.
Examples. (1) If F “ C then as any quadratic polynomial is reducible, there are
not algebras of type C. This holds more generally for any field F of characteristic
that is not 2 and where all elements in F have a square root in F.
(2) Suppose F “ R. Let s R R2 and 0 ‰ r P R. Then r{1 “ r P pR˚q3 and
s ă 0. Also s{p´1q “ a4 “ pa2 ´ 02p´1qq2 for some a P R. We thus have that
Pp3,8q10 pr, sq describes the same algebra as Pp3,8q10 p1,´1q. There is thus a unique
algebra in this case.
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(3) Let F be a finite field of some odd characteristic p. Suppose that |F| “ pn.
Let s be any element that is not in pF˚q2. Notice then that F˚ “ pF˚q2 Y spF˚q2
and thus for any s˜ that is not in F2, we have s{s˜ P pF˚q2 “ Gpsq. We can keep
s fixed and each algebra has a presentation of the form Qprq “ Pp3,8q10 pr, sq where
Qpr˜q and Qprq describe the same algebra if and only if r˜{r P pF˚q3. There are
thus either three or one algebra according to whether 3 divides pn ´ 1 or not.
b. The algebras where char F “ 2
If the irreducible minimal polynomial of ψφ´1 is t2` rt` s with respect to y2, y3
then the minimal polynomial with respect to ay2, by3 ` cy2, where a, b ‰ 0, is
t2 ` rpb{aqt` rpc{aq2 ´ rpc{aqpb{aq ` pb{aq2ss.
Thus we have two distinct subcases (that do not depend on the choice of the
basis). Let m “ mpy2, y3q be the minimal polynomial of ψφ´1 with respect to a
given standard basis for L.
(1) The minimal polynomial m is of the form t2 ´ s for some s R F2 .
(2) The minimal polynomial m is of the form t2 ` rt ` s where r ‰ 0 and
the polynomial is irreducible.
For case (1) we get the same situation as in Proposition 7.17.
Proposition 7.18. Let L be nilpotent SAA of dimension 10 over a field of char-
acteristic 2 that has an isotropic center of dimension 3. Suppose also that L has
the further properties that dimL3 “ 6, L3L2 “ L5 and L is of type C where the
minimal polynomial mpy2, y3q is of the form t2 ´ s for some s R F2. Then L has
a presentation of the form
Pp3,8q10 pr, sq : px2y4, y5q “ r, px1y3, y5q “ s, px1y2, y4q “ 1, py1y2, y5q “ 1,
py1y3, y4q “ 1,
where r ‰ 0 and s R F2. Furthermore the presentations Pp3,8q10 pr˜, s˜q and Pp3,8q10 pr, sq
describe the same algebra if and only if r˜
r
P pF˚q3 and s
s˜
P Gpsq, where Gpsq “
tpx2 ´ y2sq2 : px, yq P Fˆ F z tp0, 0quu.
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Example. Consider the field Z2pxq of rational functions in one variable over
Z2. Notice that
Z2pxq˚ “ tfpxq2 ` xgpxq2 : pfpxq, gpxqq P Z2pxq ˆ Z2pxq z tp0, 0quu.
Thus Gpxq “ pZ2pxq˚q2 and last proposition tells us that Pp3,8q10 pr˜pxq, s˜pxqq and
Pp3,8q10 prpxq, spxqq describe the same algebra if and only if r˜pxq{rpxq P pZ2pxq˚q3
and spxq{s˜pxq P pZ2pxq˚q2. We thus have infinitely many algebras here.
We then move to the latter collection of algebras. For the rest of this subsection
we will be assuming that the minimal polynomial of ψφ´1 is an irreducible poly-
nomial of the form t2 ` rt` s where r ‰ 0.
Pick 0 ‰ x5 P L5 and let x4 “ ψφ´1px5q. Then ψφ´1px4q “ rx4 ` sx5.
We want to pick our standard basis such that x¯1 “ x1 ` L4 “ φ´1px4q and
y¯1 “ y1 ` L4 “ φ´1px5q. The only constraint to worry about is, as before, that
px1, y1q “ 1. If px1, y1q “ σ, we just need to then replace y3 by p1{σqy3. Notice
that this changes the minimal polynomial of ψφ´1 to t2`pr{σqt`ps{σ2q. In any
case this shows that we can choose our standard basis such that
x1y2 “ x4, y1y2 “ x5, x1y3 “ rx4 ` sx5, y1y3 “ x4 (7.36)
for some r, s P F where r ‰ 0 and t2 ` rt ` s is irreducible. As before we also
know that x2y3 “ 0. In order to clarify the structure further we are only left with
the following triple values:
px1y4, y5q “ a, py2y3, y4q “ c, py2y4, y5q “ e, px2y4, y5q “ α,
py1y4, y5q “ b, py2y3, y5q “ d, py3y4, y5q “ f.
Notice that α ‰ 0 as x2y3 “ 0 but x2 R ZpLq. We will show that we can choose a
new standard basis so that the remaining values are zero. First replace x1, y1, y2
by x1 ´ pa{αqx2, y1 ´ pb{αqx2, y2 ` pa{αqy1 ´ pb{αqx1 and we can assume that
a “ b “ 0, that is
px1y4, y5q “ py1y4, y5q “ 0. (7.37)
Next replace x1, y1, y3 by x1´dx3, y1`cx3, y3`cx1`dy1 and we can furthermore
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assume that
py2y3, y4q “ py2y3, y5q “ 0. (7.38)
Finally replacing x1, y4, y5 by x1´ex4`fx5, y4`ey1, y5´fy1 allows us to further
assume that
py2y4, y5q “ py3y4, y5q “ 0. (7.39)
We have thus arrived at a presentation of the form Pp3,9q10 as described in the next
proposition. Before stating that proposition we introduce two groups that are
going to play a role.
Definition 7.19. For each minimal polynomial t2 ` rt` s, we let
Hprq “ tx2 ` rx : x P Fu
Gpr, sq “ tx2 ` rxy ` sy2 : px, yq P Fˆ F z tp0, 0quu.
Remark 7.20. p1q Hprq is a subgroup of the additive group F.
p2q Consider the splitting field Frγs of the polynomial t2 ` rt ` s in Frts. Then
a2`abr` b2s is the norm Npa` bγq “ pa` bγqpa` bpγ` rqq of a` bγ. As this is
a multiplicative function we have that Gpr, sq is a multiplicative subgroup of F˚.
Proposition 7.21. Let L be a nilpotent SAA of dimension 10 over a field of
characteristic 2 that has an isotropic center of dimension 3. Suppose also that L
has the further properties that dimL3 “ 6, L3L2 “ L5 and L is of type C where
the minimal polynomial mpy2, y3q is irreducible with a non-zero linear term. Then
L has a presentation of the form
Pp3,9q10 pγ, r, sq : px2y4, y5q “ γ, px1y3, y4q “ r, px1y3, y5q “ s,
px1y2, y4q “ 1, py1y2, y5q “ 1, py1y3, y4q “ 1
where γ, r ‰ 0 and t2 ` rt ` s is irreducible. Furthermore the presentations
Pp3,9q10 pγ˜, r˜, s˜q and Pp3,9q10 pγ, r, sq describe the same algebra if and only if γ˜γ P pF˚q3,
r˜
r
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Proof. We have already seen that any such algebra has a presentation of the
given form. Direct calculations show that conversely any algebra with a presen-
tation for this type satisfies all the properties listed. It remains to deal with the
isomorphism property. To see that the condition is sufficient, suppose we have
an algebra L that has a presentation Pp3,9q10 pγ, r, sq with respect to some stan-













qr ` p a
β
q2s
and s˜ ´ p r˜
r
q2s “ p δ
β
q2 ` p δ
β
qr˜ for some a, b, δ, β P F where β ‰ 0. We let
α “ β{pp b
β




qr ` p a
β
q2sq. Consider the new standard basis
x˜1 “ 1
β2





pαx2 ` δx3q, y˜2 “ βy2,
x˜3 “ 1
α
x3, y˜3 “ αy3 ` δy2,
x˜4 “ 1
β
rpαar ` αb` δaqx4 ` pδb` αasqx5s, y˜4 “ 1
β2
pby4 ` ay5q,
x˜5 “ ax4 ` bx5, y˜5 “ 1
β3
rpαar ` αb` δaqy5`
pδb` αasqy4s.
Calculations show that L has then presentation Pp3,9q10 pγ˜, r˜, s˜q with respect to the
new standard basis.
It remains to see that the conditions are also necessary. Consider an algebra L
with presentation Pp3,9q10 pγ, r, sq with respect to some standard basis x1, y1, . . . , x5,
y5. Take some arbitrary new standard basis x˜1, y˜1, . . . , x˜5, y˜5 such that L has pre-
sentation Pp3,9q10 pγ˜, r˜, s˜q with respect to the new basis where γ˜, r˜, s˜ ‰ 0 and where
t2 ` r˜t` s˜ is irreducible. Then
x˜5 “ ax4 ` bx5,
y˜2 “ βy2 ` u,
y˜3 “ αy3 ` δy2 ` v,
for some u, v P L3, α, β, δ P F where α, β ‰ 0. The reader can convince himself
that new standard basis that we get satisfies the conditions stated.
Before we give an example to an algebra of this form. We list some useful prop-
erties of the groups Gpr, sq and Hprq.
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Lemma 7.22. For any irreducible polynomials t2 ` rt ` s and t2 ` r˜t ` s˜, we
have that
p1q Hpr˜q “ pr˜{rq2Hprq.
p2q Gpr˜, s˜q “ Gpr, sq if s˜´ pr˜{rq2s P Hpr˜q.
Proof. Straightforward calculations.
Example. Let F be the finite field of order 2n. Let γ, r, s, γ˜, r˜, s˜ be as in last
lemma. Then Gpr˜, s˜q “ Gpr, sq “ F˚ and thus r˜{r P Gpr, sq. Also rF : Hpr˜qs “ 2
and thus s˜ ´ pr˜{rq2s P Hpr˜q. It follows from last proposition that the presen-
tations Pp3,9q10 pγ, r, sq and Pp3,9q10 pγ˜, r˜, s˜q describe the same algebra if and only if
γ˜{γ P pF˚q3. There are thus either three algebras or one algebra according to
whether 3 divides 2n ´ 1 or not.
We end this section by giving a direct explanation why the relation
pr˜, s˜q „ pr, sq if and only if r˜
r
P Gpr, sq, s˜´ p r˜
r
q2s P Hpr˜q
is an equivalence relation.
First it is easy to show pr, sq „ pr, sq as 1 P Gpr, sq and 0 P Hprq. Next if
pr˜, s˜q „ pr, sq then, as Gpr, sq “ Gpr˜, s˜q is a group, we have that r{r˜ P Gpr˜, s˜q
and s ´ pr{r˜q2s˜ “ pr{r˜q2ps˜ ´ pr˜{rq2sq P pr{r˜q2Hpr˜q “ Hprq. This shows that „
is symmetric. Finally suppose pr˚, s˚q „ pr˜, s˜q and pr˜, s˜q „ pr, sq. Then we have
that r˚{r “ r˚{r˜ ¨ r˜{r P Gpr, sq and s˚ ´ pr˚{rq2s “ rs˚ ´ pr˚{r˜q2s˜s ` rpr˚{r˜q2s˜´
pr˚{rq2ss “ rs˚´pr˚{r˜q2s˜s`pr˚{r˜q2rs˜´pr˜{rq2ss is in Hpr˚q`pr˚{r˜q2Hpr˜q “ Hpr˚q.
Hence „ is also transitive and we have an equivalence relation.
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ALGEBRAS WITH AN ISOTROPIC CENTER OF
DIMENSION 2
In this chapter we will be assuming that ZpLq is isotropic of dimension 2. Notice
that if L “ Fu` Fv ` L2, then L2 “ Fuv ` L3. It follows that L2 “ ZpLqK is of
dimension 8 and that L3 is of dimension 7. We can then pick our standard basis
such that
ZpLq “ Fx5 ` Fx4,
L2 “ Fx5 ` ¨ ¨ ¨ ` Fx1 ` Fy1 ` Fy2 ` Fy3,
L3 “ Fx5 ` ¨ ¨ ¨ ` Fx1 ` Fy1 ` Fy2.
Furthermore L3 “ Fuvu ` Fuvv ` L4 and thus dimL4 P t5, 6u. Let k be the
nilpotence class of L. We know that the maximal class is 7 and as dimLk ‰ 1 and
Lk ď ZpLq, we must have that Lk “ ZpLq. Moreover, we know that dimLs ‰ 2
for 1 ď s ď 4 and thus 5 ď k ď 7. If L5 “ ZpLq then dimZ2pLq ´ dimZpLq “
dimL2´dimL3 “ 1 and we get the contradiction that L4 “ Z2pLq is of dimension
3. Thus 6 ď k ď 7. We will deal with the two cases separately.
8.1 The algebras of class 6
As the class is 6, it follows that pL4, L4q “ pL7, Lq “ 0 and thus L4 is isotropic.
We have seen that the dimension of L4 is at least 5 and thus dimL4 “ 5. We can
thus now furthermore choose our standard basis such that
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L5 “ Z2pLq x3 y3 L2 “ Z5pLq





ZpLq “ L6 “ Fx5 ` Fx4
Z2pLq “ L5 “ Fx5 ` Fx4 ` Fx3
Z3pLq “ L4 “ Fx5 ` ¨ ¨ ¨ ` Fx1
Z4pLq “ L3 “ L4 ` Fy1 ` Fy2
Z5pLq “ L5 “ L4 ` Fy1 ` Fy2 ` Fy3.
As L4Z4pLq “ 0 we must have
x1y2 “ 0.
It then follows that L4L3 “ 0 and then
L3L3 “ Fy1y2.
Notice that L3L3 ‰ 0 since this would imply that pL6, Lq “ pL3, L4q “ pL3L3, Lq “
0 and we would get the contradiction that the class of L is at most 5. Next let
us see that x1y3 and x2y3 are linearly independent. To see this we argue by con-
tradiction and suppose that pax1 ` bx2qy3 “ 0 for some a, b P F where not both
a, b are zero. But this would imply that pax1 ` bx2qL P ZpLq and we would thus
get the contradiction that ax1 ` bx2 P Z2pLq “ L5. Thus
L4L2 “ Fx1y3 ` Fx2y3 “ ZpLq.
Notice that L3L3 “ Fy1y2 is a one-dimensional characteristic subspace of Z2pLq.
We consider two possibilities: L3L3 ď ZpLq and L3L3 ę ZpLq.
8.1.1 Algebras where L3L3 ď ZpLq
We pick our standard basis such that
L3L3 “ Fy1y2 “ Fx5. (8.1)
We have seen above that ZpLq “ Fx2y3 ` Fx1y3 “ L4L2. In order to clarify the
structure of L we introduce the characteristic subspace
W “ tx P L4 : xL2 ď L3L3u.
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Notice that W is the kernel of the surjective linear map L4 Ñ ZpLq{L3L3, x ÞÑ
xy3 ` L3L3 and thus W is of codimension 1 in L4. Also L5 ă W . We can thus
pick our standard basis such that
W “ Fx5 ` Fx4 ` Fx3 ` Fx2.
From this one sees that we have a chain of characteristic ideals of L
L3L3 x5 y5
L6 “ ZpLq x4 y4 pL3L3qK
L5 “ Z2pLq x3 y3 L2 “ Z5pLq
W x2 y2 L
3 “ Z4pLq
L4 “ Z3pLq x1 y1 WK
Notice that Fx2y3 “ Fx5. We continue considering characteristic subspaces. Let
S “ tx P L3 : x ¨ L2 ď L3L3u.
Notice that L3L2 “ ZpLq and that S is the kernel of the surjective linear map
L3 Ñ ZpLq{L3L3, x ÞÑ x ¨ y3 ` L3L3 and is thus of codimension 1 in L3. Notice
also that x1 R S whereas W ď S. It follows that we can pick our standard basis
such that
S “ Fx5 ` Fx4 ` Fx3 ` Fx2 ` Fy1 ` Fy2.
In particular we have y1y3, y2y3 P L3L3. Notice that
SK “ L5 ` Fy1
and that L2SK “ L2y1 “ Fy1y2 ` Fy1y3 “ L3L3. Let
T “ tx P L2 : xSK “ 0u.
Then T is the kernel of the surjective linear map L2 Ñ L3L3, x ÞÑ y1x. Notice
that WK ď T but that y2 R T . We can then pick our standard basis such that
T “ WK ` Fy3.
96
Chapter 8. Algebras with an isotropic center of dimension 2
In particular y1y3 “ 0. We now have a characteristic isotropic subspace TK “
Fx5 ` Fx4 ` Fx2 where TK ¨ pL3L3qK “ x2pL3L3qK “ L3L3. We now let
R “ tx P pL3L3qK : xTK “ 0u.
This is the kernel of the surjective linear map pL3L3qK Ñ L3L3, x ÞÑ x2x that
contains L3. We now refine our standard basis such that
R “ L3 ` Fy4
and we have in particular x2y4 “ 0. Let us summarize. For every standard basis




Fx5 ` Fx1y3 “ Fx5 ` Fx4




It is not difficult to see that we can furthermore refine our basis such that
x2y3 “ x5, x2y4 “ 0, x1y2 “ 0, x1y3 “ x4, x1y4 “ ´x3, y1y2 “ x5, y1y3 “ 0.
(8.2)
This deals with all triple values apart from
py1y4, y5q “ a, py2y3, y5q “ c, px3y4, y5q “ r,
py3y4, y5q “ b, py2y4, y5q “ d,
where r ‰ 0 as x3 R ZpLq. Replace x2, y4 by x2`ax4, y4´ay2 and we can assume
that
py1y4, y5q “ 0. (8.3)
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This does not affect (8.2). Then replace y2, y3 by y2´pd{rqx3´cx2, y3´pb{rqx3´
pd{rqx2 gives furthermore that
py2y3, y5q “ 0, py2y4, y5q “ 0, py3y4, y5q “ 0. (8.4)
Again these changes do not affect (8.2) and (8.3). Finally replacing x1, x2, x4, x5, y1,
y2, y4, y5 by r
2x1, p1{rqx2, r2x4, p1{rqx5 , p1{r2qy1, ry2, p1{r2qy4, ry5 implies that
we can assume that px3y4, y5q “ 1 while (8.2)-(8.4) remain nonaffected. We thus
arrive at a unique presentation.
Proposition 8.1. There is a unique nilpotent SAA L of dimension 10 with an
isotropic center of dimension 2 that has the further properties that L is nilpotent
of class 6 and L3L3 ď ZpLq. This algebra can be given by the presentation
Pp2,1q10 : px3y4, y5q “ 1, px2y3, y5q “ 1, px1y3, y4q “ 1, py1y2, y5q “ 1.
One readily verifies that the algebra with the presentation above has the proper-
ties stated.
8.1.2 Algebras where L3L3 ę ZpLq
Recall that x1y2 “ 0. As we had observed before, Fy1y2 “ L3L3 ď Z2pLq “
ZpLq `Fx3. We had also seen that Fx1y3`Fx2y3 “ ZpLq. We can now pick our
standard basis such that
x1y2 “ 0, y1y2 “ x3, x1y3 “ x4, x2y3 “ x5. (8.5)
This leaves us with the following list of triple values to determine.
px1y4, y5q “ a, py2y3, y4q “ c, py1y3, y4q “ f, py1y4, y5q “ h,
px2y4, y5q “ b, py2y3, y5q “ d, py1y3, y5q “ g, py3y4, y5q “ k,
px3y4, y5q “ r, py2y4, y5q “ e,
where r ‰ 0 as x3 R ZpLq. We show that we can further refine the basis so that
a “ b “ c “ d “ e “ f “ g “ h “ k “ 0. To start with replace x1, x2, y3 by
x1 ´ pa{rqx3, x2 ´ pb{rqx3, y3 ` pa{rqy1 ` pb{rqy2 and we see that we can assume
that
px1y4, y5q “ px2y4, y5q “ 0. (8.6)
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These changes do not affect (8.5). Next we replace y1, y2, y3 by y1 ´ cx2, y2 ´
cx1 ´ dx2 ´ pe{rqx3, y3 ´ pe{rqx2 that gives us
py2y3, y4q “ py2y3, y5q “ py2y4, y5q “ 0, (8.7)
while these changes have no affect on (8.5), (8.6). Now replace x2, y4, y5 by
x2 ´ fx4 ´ gx5, y4 ` fy2, y5 ` gy2 and we can now assume that
py1y3, y4q “ py1y3, y5q “ 0. (8.8)
As before this has no effect on the previous established equations. Finally we
replace y1, y3 by y1 ´ ph{rqx3, y3 ´ ph{rqx1 ´ pk{rqx3 and one sees readily that
we can furthermore assume that py1y4, y5q “ py3y4, y5q “ 0. We thus arrive at a
family of algebras given by the presentation Pp2,2q10 given in the next Proposition.
Proposition 8.2. Let L be a nilpotent SAA of dimension 10 with an isotropic
center of dimension 2 with the further properties that L is of nilpotence class 6
and L3L3 ę ZpLq. Then L has a presentation of the form
Pp2,2q10 prq : px3y4, y5q “ r, px2y3, y5q “ 1, px1y3, y4q “ 1, py1y2, y3q “ 1,
where r ‰ 0. Furthermore the presentations Pp2,2q10 prq and Pp2,2q10 psq describe the
same algebra if and only if s{r P pF˚q4.
Proof. We have already seen that all such algebras have a presentation of the form
Pp2,2q10 prq for some 0 ‰ r P F. Straightforward calculations show that conversely
any algebra with such a presentation has the properties stated in the Proposition.
It remains to prove the isomorphism property. To see that it is sufficient, suppose
that we have an algebra L with presentation Pp2,2q10 prq with respect to some given
standard basis. Let s by any element in F˚ such that s{r “ b4 P pF˚q4. Replace
the basis for L with a new standard basis x˜1, ¨ ¨ ¨ , y˜5 where x˜1 “ x1, y˜1 “ y1, x˜2 “
p1{bqx2, y˜2 “ by2, x˜3 “ bx3, y˜3 “ p1{bqy3, x˜4 “ p1{bqx4, y˜4 “ by4, x˜5 “ p1{b2qx5 and
y˜5 “ b2y5. Direct calculations show that L has the presentation Pp2,2q10 psq with
respect to this new basis.
It remains to see that the condition is necessary. Consider again an algebra
L with presentation Pp2,2q10 prq and suppose that L has also a presentation Pp2,2q10 psq
with respect to some other standard basis x˜1, ¨ ¨ ¨ , y˜5. We want to show that
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s{r P pF˚q4. We know that L “ Fy˜5 ` Fy˜4 ` L2 “ Fy5 ` Fy4 ` L2. Thus
y˜4 “ ay4 ` by5 ` u4
y˜5 “ cy4 ` dy5 ` u5,
for some u4, u5 P L2 and a, b, c, d P F where ad´bc ‰ 0. We know that L2L2 ď L4
and thus
y˜5y˜4y˜4 “ pcy4 ` dy5qpay4 ` by5qpay4 ` by5q ` w
y˜4y˜5y˜5 “ pay4 ` by5qpcy4 ` dy5qpcy4 ` dy5q ` z,
where w, z P L4. We use the fact that L7 “ 0 and L3L3 ď L5 in the following
calculation. We have
s3 “ py˜4y˜5y˜5 ¨ py˜4y˜5q, y˜5y˜42q “ pad´ bcq4r3.
Hence s{r P pF˚q4.
Remark 8.3. p1q It thus depends on the field F, how many algebras there are
of this type. When pF˚q4 “ F˚ there is just one algebra. This includes the case
when F is algebraically closed or finite field of characteristic 2.
p2q Let F be a finite field of order pn where p is an odd prime. If p ” 1 pmod 4q
then there are 4 algebras and if p ” ´1 pmod 4q then there are 4 algebras when n
is even and 2 algebras when n is odd.
p3q For F “ R there are two algebras, one for r ă 0 and one for r ą 0. For
F “ Q there are infinitely many algebras.
8.2 The algebras of class 7
Here we are dealing with algebras of maximal class and thus we can make use of
the general theory concerning these. In particular we know that we can choose
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our standard basis such that
L7 “ ZpLq “ Fx5 ` Fx4,
L6 “ Z2pLq “ Fx5 ` Fx4 ` Fx3,
L5 “ Z3pLq “ Fx5 ` Fx4 ` Fx3 ` Fx2.
We also know that L4 “ Z4pLq “ pL5qK, L3 “ Z5pLq “ pL6qK and L2 “ Z6pLq “
pL7qK. Furthermore we know that we can also get characteristic ideals of dimen-
sion 1, 5 and 9 in the following way.
Firstly, we know from the general theory that x3y4, x2y3 ‰ 0. As a result
L5L2 “ Fx2y3 ‰ 0. This gives us a characteristic ideal of dimension 1 and
then pL5L2qK is a characteristic ideal of dimension 9.
We now turn to the description of a characteristic ideal of dimension 5. From
the general theory we also know that x1y2, y1y2 are linearly independent. Thus
L4L3 “ Fx1y2 ` Fy1y2 is a 2-dimensional characteristic subspace of L6. Let
I1 “ L5L2, I2 “ L7 and I3 “ L6. Let k be smallest such that Ik X L4L3 ‰ t0u.
Then
U “ tx P L4 : xL3 ď Iku
is a characteristic ideal of dimension 5. We can thus further refine our basis such
that we have the following situation.
L5L2 x5 y5
L7 “ ZpLq x4 y4 pL5L2qK
L6 “ Z2pLq x3 y3 L2 “ Z6pLq
L5 “ Z3pLq x2 y2 L3 “ Z5pLq
U x1 y1 L
4 “ Z4pLq
There are now few separate cases to consider according to whether L4L3 “ L7 or
L4L3 ‰ L7 and whether or not L4L3 X L5L2 ‰ t0u.
101
Chapter 8. Algebras with an isotropic center of dimension 2
8.2.1 Algebras where L4L3 “ L7
In this case we have
Fx2y3 “ Fx1y2 “ Fx5, Fx5 ` Fy1y2 “ Fx5 ` Fx4.
Now consider the characteristic subspace UL2 “ Fx5 ` Fx1y3. There are again
two subcases to consider as either UL2 has dimension 1 or 2.
I. Algebras where UL2 is 1-dimensional
In this case we have that x1y3 P Fx5 and it follows that L4L2 “ UL2 ` y1L2 “
Fx5 ` y1L2 “ ZpLq. Consider the characteristic subspace
V “ tx P L2 : L4x ď L5L2u.
Then V is of codimension 1 in L2 and L4 ď V . Also y2 R V . One sees readily
that we can refine our choice of basis further such that
V “ L4 ` Fy3.
In particular y1y3 ď Fx5. Next consider the characteristic subspace
W “ tx P L4 : xV “ 0u.
We have that L6 ď W and that x2 R W . Also W is the kernel of the surjective
linear map L4 Ñ L5L2, x ÞÑ xy3 and thus of codimension 1 in L4. We can now
pick our basis further such that
W “ L6 ` Fx1 ` Fy1.
It is not difficult to see that such a choice is compatible to what we have done
so far. Notice that it follows that y1y3 “ x1y3 “ 0. Next one notices that
L3V “ ZpLq and that L3U ď L5L2. Let
Z “ tx P V : L3x ď L5L2u.
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Then Z is of codimension 1 in V and y1 R Z. We can now further refine the basis
such that
Z “ U ` Fy3.
The reader can convince himself that this is compatible to our choice so far. In
particular y2y3 P Fx5. Replacing y2 by a suitable y2 ´ αx2, we can furthermore
assume that y2y3 “ 0. With this choice of basis we thus have x1y3 “ y1y3 “
y2y3 “ 0 as well as Fx1y2 “ Fx2y3 “ Fx5 and Fx5 ` Fx4 “ Fx5 ` Fy1y2. It is not
difficult to see that we can further refine our basis such that
x1y3 “ y1y3 “ y2y3 “ 0, x1y2 “ x2y3 “ x5, y1y2 “ x4. (8.9)
We are then only left with the following triple values
px1y4, y5q “ a, py1y4, y5q “ c, py3y4, y5q “ e,
px2y4, y5q “ b, py2y4, y5q “ d, px3y4, y5q “ r,
where r ‰ 0. Replacing x3, x2, y1, y3, y4, y5 by x3`bx4, x2`ax4´cx5, y1`dx4, y3´
pe{rqx3 ´ pbe{rqx4, y4 “ y4 ´ by3 ´ ay2 ` dx1, y5 ` cy2, gives us a new standard
basis where we can assume that a “ b “ c “ d “ e “ 0. The reader can check
that (8.9) is not affected by these changes. Finally by replacing x1, x2, . . . , y5
by p1{r3qx1, p1{rqx2, rx3, r4x4, p1{r2qx5, r3y1, ry2, p1{rqy3, p1{r4qy4, r2y5, we can
furthermore assume that r “ 1. We thus arrive at a unique presentation for L.
Proposition 8.4. There is a unique nilpotent SAA L of dimension 10 that has
isotropic center of dimension 2 with the further properties that the class is 7,
L4L3 “ L7 and dimUL2 “ 1. This algebra can be given by the presentation
Pp2,3q10 : px3y4, y5q “ 1, px2y3, y5q “ 1, px1y2, y5q “ 1, py1y2, y4q “ 1.
Direct calculations show that the algebra with this presentation has the properties
stated.
II. Algebras where UL2 is 2-dimensional
In this case Fx2y3 “ Fx1y2 “ Fx5 and Fy1y2 ` Fx5 “ Fx1y3 ` Fx5 “ Fx4 ` Fx5.
It is not difficult to see that we can choose our standard basis such that
x1y2 “ x2y3 “ x5, y1y2 “ x4. (8.10)
103
Chapter 8. Algebras with an isotropic center of dimension 2
Now y1y3 “ ax5 ` bx4 for some a, b P F. Replacing x2, y1, y2, y3 by x2 ` bx3, y1 ´
ax2, y2 ´ ax1, y3 ´ by2 ` abx1 gives
y1y3 “ 0, (8.11)
and the changes do not affect (8.10). Next consider y2y3 “ ax4` bx5 and replace
x1, y2, y3 by x1´ ax3, y2´ bx2, y3` ay1. These changes imply that we can assume
furthermore that
y2y3 “ 0. (8.12)
Now consider x1y3 “ ax5 ` bx4 (where b ‰ 0 by our assumptions). Replacing
x1, y2 by x1 ´ ax2, y2 ` ay1 we can assume that a “ 0. Then replace x1, . . . , y5
by p1{bqx1, p1{b2qx2, p1{b3qx3, b3x4, bx5 , by1, b2y2, b3y3, p1{b3qy4, p1{bqy5 we can as-
sume that b “ 1. Thus
x1y3 “ x4. (8.13)
This leaves us with the following triples.
px1y4, y5q “ a, py1y4, y5q “ c, py3y4, y5q “ e,
px2y4, y5q “ b, py2y4, y5q “ d, px3y4, y5q “ r,
First replace x3, x2, y1, y4 by x3 ` bx4, x2 ` ax4, y1 ` dx4, y4 ´ ay2 ` dx1 ´ by3.
These changes imply that we can assume that
px1y4, y5q “ px2y4, y5q “ py2y4, y5q “ 0. (8.14)
Finally replace x2, y3, y5 by x2 ´ cx5, y3 ´ pe{rqx3, y5 ` cy2 and we furthermore
assume that
py1y4, y5q “ py3y4, y5q “ 0. (8.15)
Thus L has a presentation of the form Pp2,4q10 prq as described in the next proposi-
tion.
Proposition 8.5. Let L be a nilpotent SAA of dimension 10 with an isotropic
center of dimension 2 that is of class 7 and has the further properties that L4L3 “
L7 and dimUL2 “ 2. This algebra can be given by a presentation of the form
Pp2,4q10 prq : px3y4, y5q “ r, px2y3, y5q “ 1, px1y2, y5q “ 1, px1y3, y4q “ 1,
py1y2, y4q “ 1,
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where r ‰ 0. Furthermore two such presentations Pp2,4q10 prq and Pp2,4q10 psq describe
the same algebra if and only if s{r P pF˚q11.
Proof. We have already seen that any such algebra has such a presentation. Di-
rect calculations show that an algebra with a presentation Pp2,4q10 prq has the prop-
erties stated. We turn to the isomorphism property. To see that the condition
is sufficient, suppose we have an algebra L with a presentation Pp2,4q10 prq with
respect to some standard basis x1, y1, . . . , x5, y5. Suppose that s{r “ a11 for
some a P F˚. Consider a new standard basis x˜1 “ ax1, y˜1 “ p1{aqy1, x˜2 “
a3x2, y˜2 “ p1{a3qy2, x˜3 “ a5x3, y˜3 “ p1{a5qy3, x˜4 “ p1{a4qx4, y˜4 “ a4y4, x˜5 “
p1{a2qx5, y˜5 “ a2y5. Calculations show that L has then presentation Pp2,4q10 psq
with respect to the new standard basis.
It is only remains now to see that the conditions is also necessary. Consider
an algebra L with presentation Pp2,4q10 prq with respect to some standard basis
x1, y1, . . . , x5, y5. Take some arbitrary new standard basis x˜1, y˜1, . . . , x˜5, y˜5 such
that L satisfies the presentation Pp2,4q10 psq with respect to the new basis. Using
the fact that we have an ascending chain of characteristic ideals we know that
y˜1 “ ay1 ` β11x1 ` ¨ ¨ ¨ ` β15x5,
y˜2 “ by2 ` α21y1 ` β21x1 ` ¨ ¨ ¨ ` β25x5,
y˜3 “ cy3 ` α32y2 ` α31y1 ` β31x1 ` ¨ ¨ ¨ ` β35x5,
y˜4 “ dy4 ` α43y3 ` α42y2 ` α41y1 ` β41x1 ` ¨ ¨ ¨ ` β45x5,
y˜5 “ ey5 ` α54y4 ` ¨ ¨ ¨ ` α51y1 ` β51x1 ` ¨ ¨ ¨ ` β55x5,
x˜1 “ p1{aqx1 ` γ12x2 ` ¨ ¨ ¨ ` γ15x5,
x˜2 “ p1{bqx2 ` γ23x3 ` γ24x4 ` γ25x5,
x˜3 “ p1{cqx3 ` γ34x4 ` γ35x5,
x˜4 “ p1{dqx4 ` γ45x5,
x˜5 “ p1{eqx5,
for some αij, βij, γij, a, b, c, d, e where a, b, c, d, e ‰ 0. Direct calculations show
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that
1 “ px˜1y˜2, y˜5q “ be{a ñ e “ a{b
1 “ py˜1y˜2, y˜4q “ abd ñ d “ 1{pabq
1 “ px˜1y˜3, y˜4q “ cd{a ñ c “ a2b
1 “ px˜2y˜3, y˜5q “ ce{b ñ b “ a3.
Thus b “ a3, c “ a5, d “ 1{a4, e “ 1{a2 and it follows that
s “ px˜3y˜4, y˜5q “ pde{cqr “ p1{aq11r.
Hence s{r P pF˚q11.
Remark 8.6. It follows that if pF˚q11 “ F˚ then there is only one algebra of this
type. This includes any algebraically closed field and R. If F is a finite field of
order pn, then the number of algebras is either 11 or 1 according to whether 11
divides pn ´ 1 or not. Notice also that there are infinitely many algebras over Q.
8.2.2 Algebras where L4L3 ‰ L7 and L5L2 ď L4L3
Here we pick our standard basis such that
L4L3 “ Fx5 ` Fx3.
Notice also that as before U “ tx P L4 : xL3 ď L5L2u and thus again x1y2 P Fx5.
Notice also that
pL4L3qK “ Fx5 ` ¨ ¨ ¨ ` Fx1 ` Fy1 ` Fy2 ` Fy4.
Then L5pL4L3qK “ pFx3 ` Fx2qy4 “ L5L2. Consider the characteristic subspace
V “ tx P L5 : xpL4L3qK “ 0u.
Here x3y4 ‰ 0 and thus V is the kernel of a surjective linear map L5 Ñ L5L2, x ÞÑ
xy4 and has codimension 1 in L
5. We pick our standard basis such that
V “ Fx5 ` Fx4 ` Fx2.
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In particular
x2y4 “ 0. (8.16)
Here we have again UL2 “ Fx5 ` Fx1y3 and thus either the dimension of UL2 is
1 or 2. We consider these cases separately.
I. Algebras where UL2 is 1-dimensional
Notice that
V K “ Fx5 ` ¨ ¨ ¨ ` Fx1 ` Fy1 ` Fy3.
and that UV K “ Fx5 “ L5L2. Let
W “ tx P U : xV K “ 0u.
Here x2y3 ‰ 0 and W is the kernel of the surjective linear map U Ñ L5L2, x ÞÑ
xy3. We choose our standard basis further such that
W “ Fx5 ` Fx4 ` Fx3 ` Fx1.
In particular
x1y3 “ 0. (8.17)
Next look at L4V K “ Fx5 ` Fy1y3. Notice that y1y3 P V and that py1y3, y2q ‰ 0
(as Fy1y2 ` Fx5 “ Fx3 ` Fx5). We choose our basis further such that
L4V K “ Fx5 ` Fx2.
In particular
py1y3, y4q “ 0. (8.18)
Now consider the characteristic subspace
T “ L4V K ` L4L3 “ Fx5 ` Fx3 ` Fx2.
Notice that TK “ L4 ` Fy4 and WTK “ Fx3y4 ` Fx1y4. Let
R “ tx P W : xTK “ 0u.
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We have x3y4 ‰ 0 and R is the kernel of the surjective linear mapW Ñ L5L2, x ÞÑ
xy4. We now refine our basis further such that
R “ Fx5 ` Fx4 ` Fx1.
In particular x1y4 “ 0. We have thus got a basis where x1y3 “ x1y4 “ x2y4 “ 0
and where py1y3, y4q “ 0. It is not difficult that we can furthermore assume that
x3y4 “ x5, x2y3 “ rx5, x2y4 “ 0, x1y2 “ x5,
x1y3 “ 0, x1y4 “ 0, y1y2 “ x3, py1y3, y4q “ 0.
We still need to consider the following triples.
py3y4, y5q “ a, py1y4, y5q “ c, py2y3, y5q “ e,
py1y3, y5q “ b, py2y3, y4q “ d, py2y4, y5q “ f,
px2y3, y5q “ r,
We start by replacing x2, x1, y4, y5 by x2 ´ bx5, x1 ` dx4, y4 ´ dy1, y5 ` by2 and
py1y3, y5q “ py2y3, y4q “ 0. (8.19)
Then replace y1, y2, y3 with y1´ cx3, y2´rpe´ cq{rsx2´fx3, y3´ cx1´fx2´ax3
and we can furthermore assume that
py1y4, y5q “ py2y4, y5q “ py2y3, y5q “ py3y4, y5q “ 0. (8.20)
It follows that L has a presentation of the form Pp2,5q10 prq as in the following
proposition.
Proposition 8.7. Let L be a nilpotent SAA of dimension 10 with an isotropic
center of dimension 2 that is of class 7 and the further properties that L4L3 ‰
L7, L5L2 ď L4L3 and UL2 is 1-dimensional. This algebra can be given by a
presentation of the form
Pp2,5q10 prq : px2y3, y5q “ r, px3y4, y5q “ 1 , px1y2, y5q “ 1, py1y2, y3q “ 1,
where r ‰ 0. Furthermore two such presentations Pp2,5q10 prq and Pp2,5q10 psq describe
the same algebra if and only if s{r P pF˚q3.
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Proof. We have already seen that any such algebra has a presentation of this
form. Conversely, direct calculations show that any algebra with a presentation
Pp2,5q10 prq satisfies the properties stated. We turn to the isomorphism property.
To see that the condition is sufficient, suppose we have an algebra L with pre-
sentation Pp2,5q10 prq with respect to some standard basis x1, y1, . . . , x5, y5. Suppose
that s{r “ a3 for some a P F˚. Consider a new standard basis x˜1 “ x1, y˜1 “
y1, x˜2 “ ax2, y˜2 “ p1{aqy2, x˜3 “ p1{aqx3, y˜3 “ ay3, x˜4 “ x4, y˜4 “ y4, x˜5 “
p1{aqx5, y˜5 “ ay5. Calculations show that L has then the presentation Pp2,5q10 psq
with respect to the new basis.
It only remains to see that the condition is also necessary. Consider an algebra L
with presentation Pp2,5q10 prq with respect to some standard basis x1, y1, . . . , x5, y5.
Take some arbitrary new standard basis x˜1, y˜1, . . . , x˜5, y˜5 such that L also sat-
isfies the presentation Pp2,5q10 psq with respect to the new basis. Using the fact
that we have an ascending chain of characteristic ideals as well as the fact that
L4L3 “ Fx5 ` Fx3, L4V K “ Fx5 ` Fx2, R “ Fx5 ` Fx4 ` Fx1, WK “ Fy2 ` U ,
pR ` L4V KqK “ Fy3 ` U and TK “ Fy4 ` Fy1 ` U are characteristic subspaces,
we know that
y˜1 “ p1{aqy1 ` β11x1 ` ¨ ¨ ¨ ` β15x5,
y˜2 “ p1{bqy2 ` β21x1 ` ¨ ¨ ¨ ` β25x5,
y˜3 “ p1{cqy3 ` β31x1 ` ¨ ¨ ¨ ` β35x5,
y˜4 “ p1{dqy4 ` α41y1 ` β41x1 ` ¨ ¨ ¨ ` β45x5,
y˜5 “ p1{eqy5 ` α54y4 ` ¨ ¨ ¨ ` α51y1 ` β51x1 ` ¨ ¨ ¨ ` β55x5,
x˜1 “ ax1 ` γ14x4 ` γ15x5,
x˜2 “ bx2 ` γ25x5,
x˜3 “ cx3 ` γ35x5,
x˜4 “ dx4 ` γ45x5,
x˜5 “ ex5,
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for some a, b, c, d, e, αij, βij, γij where a, b, c, d, e ‰ 0. It follows that
1 “ px˜3y˜4, y˜5q “ c{pdeq
1 “ px˜1y˜2, y˜5q “ a{pbeq
1 “ py˜1y˜2, y˜3q “ 1{pabcq.
This gives c “ 1{pabq, e “ a{b, d “ 1{a2 and then
s “ px˜2y˜3, y˜5q “ br{pceq “ b3r.
This finishes the proof.
Remark 8.8. Again we just got one algebra if pF˚q3 “ F˚. This includes all
fields that are algebraically closed as well as R. For a finite field of order pn there
are 3 algebras if 3|pn ´ 1 but otherwise one. For Q there are infinitely many
algebras.
II. Algebras where UL2 is 2-dimensional
Recall that UL2 “ Fx5`Fx1y3, L4L3 “ Fx5`Fx3 and x2y4 “ 0. It is not difficult
to see that one can further refine the basis such that
x3y4 “ αx5, x2y3 “ rx5, x2y4 “ 0, x1y2 “ x5, x1y3 “ x4, y1y2 “ x3. (8.21)
Replacing x1, y1, . . . , x5, y5 by αx1, p1{αqy1, p1{α3qx2, α3y2, α2x3, p1{α2qy3, p1{αqx4,
αy4, α
4x5, p1{α4qy5, implies that we can furthermore assume that α “ 1. We
have also the following triples to sort out.
py1y3, y4q “ a, py2y3, y4q “ d, px1y4, y5q “ g,
py1y3, y5q “ b, py2y3, y5q “ e, py3y4, y5q “ h.
py1y4, y5q “ c, py2y4, y5q “ f,
First we replace x2, x1, y4, y5 by x2 ´ ax4 ´ bx5, x1 ` dx4, y4 ` ay2 ´ dy1, y5 ` by2
and we see that we can assume that
py1y3, y4q “ py1y3, y5q “ py2y3, y4q “ 0. (8.22)
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Next replace y1, y2, y3 by y1´cx3, y2´fx3, y3´cx1´fx2 and we can also assume
that
py1y4, y5q “ py2y4, y5q “ 0. (8.23)
Then replace x1, y5 by x1 ` ex5, y5 ´ ey1 and we see now add
py2y3, y5q “ 0. (8.24)
Finally replace x1, y3 by x1´ gx3, y3` gy1´hx3 and we see that we can now add
px1y4, y5q “ py3y4, y5q “ 0. (8.25)
We have thus see that L has a presentation Pp2,6q10 prq as in the following proposi-
tion.
Proposition 8.9. Let L be a nilpotent SAA of dimension 10 with an isotropic
center of dimension 2 that is of class 7 and has further properties that L4L3 ‰
L7, L5L2 ď L4L3 and UL2 is 2-dimensional. This algebra can be given by a
presentation of the form
Pp2,6q10 prq : px2y3, y5q “ r, px3y4, y5q “ 1, px1y2, y5q “ 1, px1y3, y4q “ 1,
py1y2, y3q “ 1
where r ‰ 0. Furthermore two such presentations Pp2,6q10 prq and Pp2,6q10 psq describe
the same algebra if and only if s{r P pF˚q12.
Proof. We have already seen that any such algebra has a presentation of this
form. Conversely, direct calculations show that any algebra with a presen-
tation Pp2,6q10 prq satisfies the properties stated. We turn to the isomorphism
property. To see the condition is sufficient, suppose we have an algebra L
with presentation Pp2,5q10 prq with respect to some standard basis x1, y1, . . . , x5, y5.
Suppose that s{r “ a12 for some a P F˚. Consider a new standard basis
x˜1 “ p1{aqx1, y˜1 “ ay1, x˜2 “ a4x2, y˜2 “ p1{a4qy2, x˜3 “ p1{a3qx3, y˜3 “
a3y3, x˜4 “ a2x4, y˜4 “ p1{a2qy4, x˜5 “ p1{a5qx5, y˜5 “ a5y5. Calculations show
that L has then the presentation Pp2,6q10 psq with respect to the new basis.
It only remains to see that the condition is also necessary. Consider an algebra L
with presentation Pp2,6q10 prq with respect to some standard basis x1, y1, . . . , x5, y5.
Take some arbitrary new standard basis x˜1, y˜1, . . . , x˜5, y˜5 such that L also sat-
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isfies the presentation Pp2,6q10 psq with respect to the new basis. Using the fact
that we have an ascending chain of characteristic ideals as well as the fact that
L4L3 “ Fx5 ` Fx3, V “ Fx5 ` Fx4 ` Fx2, are characteristic subspaces, we know
that
y˜1 “ p1{aqy1 ` β11x1 ` ¨ ¨ ¨ ` β15x5,
y˜2 “ p1{bqy2 ` α21y1 ` β21x1 ` ¨ ¨ ¨ ` β25x5,
y˜3 “ p1{cqy3 ` α31y1 ` β31x1 ` ¨ ¨ ¨ ` β35x5,
y˜4 “ p1{dqy4 ` α42y2 ` α41y1 ` β41x1 ` ¨ ¨ ¨ ` β45x5,
y˜5 “ p1{eqy5 ` α54y4 ` ¨ ¨ ¨ ` α51y1 ` β51x1 ` ¨ ¨ ¨ ` β55x5,
x˜1 “ ax1 ` γ12x2 ` . . .` γ15x5,
x˜2 “ bx2 ` γ24x4 ` γ25x5,
x˜3 “ cx3 ` γ35x5,
x˜4 “ dx4 ` γ45x5,
x˜5 “ ex5,
for some a, b, c, d, e, αij, βij, γij where a, b, c, d, e ‰ 0. It follows that
1 “ px˜3y˜4, y˜5q “ c{pdeq
1 “ px˜1y˜2, y˜5q “ a{pbeq
1 “ py˜1y˜2, y˜3q “ 1{pabcq
1 “ px˜1y˜3, y˜4q “ a{pcdq.
This gives b “ p1{a4q, c “ a3, d “ p1{a2q, e “ a5 and then
s “ px˜2y˜3, y˜5q “ br{pceq “ p1{a12qr.
This finishes the proof.
Remark 8.10. The number of algebras depends thus again on the underling
field. In particular there is one algebra over the field C, two algebras over R and
infinitely many over Q. When F is a finite field of order pn then the number can
be 12, 6, 4, 3, 2 or 1 depending on what the value of pn is modulo 12.
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8.2.3 Algebras where L4L3 ‰ L7 and L5L2 ę L4L3
First we pick our standard basis such that
L4L3 X L7 “ Fx4, L4L3 “ Fx4 ` Fx3.
Thus in particular Fx1y2 “ Fx4. From this one sees that UpL5L2qK “ L7`Fx1y4
where px1y4, y2q “ ´px1y2, y4q ‰ 0. We further refine our basis such that
U ¨ pL5L2qK “ L7 ` Fx2 “ Fx5 ` Fx4 ` Fx2.
Then notice that pUpL5L2qKqL “ L5L2`Fx2y5, where px2y5, y3q “ ´px2y3, y5q ‰
0. We refine our basis further such that
pUpL5L2qKqL “ L5L2 ` Fx3 “ Fx5 ` Fx3.
Notice that in particular x2y5 P Fx5 ` Fx3 and thus px2y4, y5q “ ´px2y5, y4q “ 0.
We have as well px2y4, y3q “ ´px2y3, y4q “ 0 and thus
x2y4 “ 0. (8.26)
We also have
Fx3 “ pFx4 ` Fx3q X pFx5 ` Fx3q “ pL4L3q X ppUpL5L2qKqLq.
Next consider the characteristic subspace
V “ tx P L4 : xL3 ď pL4L3q X ppUpL5L2qKqLqu.
Notice that x1y2 ‰ 0 and thus V is the kernel of a surjective linear map L4 Ñ
L4L3{Fx3, x ÞÑ xy2 ` Fx3 and thus of codimension 1 in L4. Notice also that
L5 ď V . We refine our basis further such that
V “ L5 ` Fy1 “ Fx5 ` ¨ ¨ ¨ ` Fx2 ` Fy1.
It follows in particular that
Fy1y2 “ Fx3. (8.27)
Notice that
pUpL5L2qKqK “ Fx5 ` . . .` Fx1 ` Fy1 ` Fy3
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and then U ¨ pUpL5L2qKqK “ L5L2`Fx1y3. Now px1y3, y2q “ ´px1y2, y3q “ 0 but
also x1y4 P UpL5L2qK “ Fx5 ` Fx4 ` Fx2 and thus px1y3, y4q “ ´px1y4, y3q “ 0.
It follows that x1y3 P Fx5 “ L5L2. It follows that U ¨ pUpL5L2qKqK “ L5L2.
Consider the characteristic subspace
R “ tx P U : xpUpL5L2qKqK “ 0u.
We have that x2y3 ‰ 0 and thus R is the kernel of the surjective linear map
U Ñ L5L2, x ÞÑ xy3. Thus R is of codimension 1 in U and contains L6. Now
choose our basis further such that
R “ L6 ` Fx1 “ Fx5 ` Fx4 ` Fx3 ` Fx1.
In particular
x1y3 “ 0. (8.28)
Next consider L4 ¨ pUpL5L2qKqK “ L5L2 ` Fy1y3. Notice that py1y3, y2q “
´py1y2, y3q ‰ 0. We can refine our basis further such that
L4 ¨ pUpL5L2qKqK “ Fx5 ` Fx2.
In particular
py1y3, y4q “ 0. (8.29)
It is not difficult to see that we can now choose our basis such that
x3y4 “ x5, x2y3 “ rx5, x2y4 “ 0,
x1y2 “ x4, x1y3 “ 0, y1y2 “ x3, py1y3, y4q “ 0.
Replacing x1, y1, . . . , x5, y5 by p1{rqx1, ry1, rx2, p1{rqy2, x3, y3, p1{r2qx4, r2y4,
r2x5, p1{r2qy5, we see that we can furthermore assume that r “ 1. We are now
left with the triples
px1y4, y5q “ a, py2y3, y4q “ d, py3y4, y5q “ h,
py1y3, y5q “ b, py2y3, y5q “ e,
py1y4, y5q “ c, py2y4, y5q “ f,
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We now show that we can further refine the basis such that all these values are
zero. First replace x2, x1, y5 by x2 ´ bx5, x1 ` ex5, y5 ` by2 ´ ey1 and we can
assume that
py1y3, y5q “ py2y3, y5q “ 0. (8.30)
Then replace x1, y1, y2, y3 by x1 ´ ax3, y1 ´ cx3, y2 ´ fx3, y3 ` ay1 ´ cx1 ´ fx2
and we can furthermore assume
px1y4, y5q “ py1y4, y5q “ py2y4, y5q “ 0. (8.31)
Finally replace x1, y3, y4 by x1 ` dx4, y3 ´ gx3, y4 ´ dy1 and we also have
py2y3, y4q “ py3y4, y5q “ 0. (8.32)
We have thus arrived at a unique presentation.
Proposition 8.11. There is a unique nilpotent SAA of dimension 10 with an
isotropic center of dimension 2 that is of class 7 and has the further properties
that L4L3 ‰ L7, L5L2 ę L4L3. This algebra can be given by the presentation
Pp2,7q10 : px2y3, y5q “ 1, px3y4, y5q “ 1, px1y2, y4q “ 1, py1y2, y3q “ 1.
Proof. We have already seen that any such algebra must have a presentation of
this form and conversely direct calculations show that the algebra with the given
presentation satisfies all the properties stated.
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